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Preface

This volume contains the Annual High School Mathematics Ex-
aminations, given 1973 through 1982. It is a continuation of Contest
Problem Books I, II, III, published as Volumes 5, 17, and 25 of the
New Mathematical Library series and which contain the first twenty-
three annual examinations. The Annual High School Mathematics
Examinations (AHSME), it is hoped, provide challenging problems
which teach, stimulate and provide enjoyment for not only the par-
ticipants, but also the readers of these volumes.

All high school students are eligible to participate in the Annual
High School Mathematics Examinations. In 1982, over 418,000 stu-
dents in the United States, Canada, Puerto Rico, Colombia, Jamaica,
Australia, Italy, England, Hungary, Ireland, Israel, Finland, Belgium
and Luxembourg participated in the examination. It was administered
also in many APO/FPO and other schools abroad. Each year a
Summary of Results and Awards is sent to all participating high
schools (in the United States and Canada). The problems are designed
so that they can be solved with a knowledge of only “pre-calculus”
mathematics, with emphasis on intermediate algebra and plane geome-
try. The subject classification at the end of the volume indicates which
questions are related to which topics.

The problems on each examination become progressively more
difficult. Between 1973 and 1977, the participants were given eighty
minutes to complete the examination, and in subsequent years they
were allowed ninety minutes. The 1973 examination consists of four
parts containing 10, 10, 10 and 5 questions respectively worth 3, 4, 5,
and 6 points each; to correct for random guessing, one fourth of the
number of points assigned to incorrectly answered problems was
deducted from the number of points assigned to correctly answered
problems. The 1974 through 1977 examinations consist of 30 questions
worth five points per question; one point was deducted for each
question answered incorrectly. Since 1978, each examination consists
of 30 questions and was scored by adding 30 points to four times the
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number of correct answers and then subtracting one point for each
incorrect answer.

Each year since 1972, approximately one hundred of the highest
scoring students on the AHSME and a number of members of
previous International Mathematical Olympiad training classes have
been invited to participate in the U.S.A. Mathematical Olympiad,
currently a three and one half hour essay type examination consisting
of five questions. Since 1974, a team of students has been selected to
participate in the International Mathematical Olympiad.* An Interna-
tional Mathematical Olympiad training class of approximately
twenty-four students receives an intensive problem solving course
prior to the International Olympiad.

It is a pleasure to acknowledge the contributions of the many
individuals and organizations who have made the preparation and
administration of these examinations possible. We thank the members
of the Committee on High School Contests and its Advisory Panel for
Proposing problems and suggesting many improvements in the pre-
liminary drafts of the examinations. We are grateful to Professor
Stephen B. Maurer, who succeeded us as Committee Chairman in
1981, for his assistance in the preparation of this book. We express our
appreciation to the regional examination coordinators throughout the
United States and Canada who do such an excellent job of administer-
ing the examinations in their regions, and to the members of the
Olympiad Subcommittee who administer all the Olympiad activities.
Particular thanks are due to Professor James M. Earl, who was the
chairman of the Contests Committee until his death, shortly after the
1973 examination was printed; to Professor Henry M. Cox, who was
the executive director of the Contests Committee from 1973 to 1976;
to Professor Walter E. Mientka, who has been the executive director of
the Contests Committee since September 1976; and to Professor
Samuel L. Greitzer, who has been the chairman of the Olympiad
Subcommittee since the inception of the subcommittee. We express
appreciation to our sponsors, the Mathematical Association of
America, the Society of Actuaries, Mu Alpha Theta, the National
Council of Teachers of Mathematics, and the Casualty Actuarial
Society for their financial support and guidance; we thank the City
College of New York, the University of Nebraska, Swarthmore Col-
lege and Metropolitan Life Insurance Company for the support they
have provided present and past chairmen and executive directors; and
we thank L. G. Balfour Company, W. H. Freeman and Company,
Kuhn Associates, National Semiconductor, Pickett, Inc., MAA, Mu

*The International Olympiads from 1959 to 1977 have been published in volume 27 of
the New Mathematical Library series
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Alpha Taeta, NCTM and Random House for donating awards to
high-scoring individuals and schools on the AHSME.

The members of the Committee on High School Contests are
particularly pleased to acknowledge financial support for the U.S.A.
Mathematical Olympiad and the participation of the U.S. team in the
International Mathematical Olympiad. We express our gratitude to
the International Business Machines Corporation for an annual grant
to sponsor an awards ceremony in honor of the winners of the U.S.A.
Mathematical Olympiad; we thank the hosts of training sessions:
Rutgers University, United States Military Academy and United
States Naval Academy; we gratefully acknowledge financial support
of the training sessions and travel to the International Mathematical
Olympiad from the following: Army Research Office, Johnson and
Johnson Foundation, Office of Naval Research, Minnesota Mining &
Manufacturing Corporation, National Science Foundation, Spencer
Foundation, Standard Oil Company of California and Xerox Corpo-
ration.

A few minor changes in the statements of problems have been made
in this collection for the sake of greater clarity.

Ralph A. Artino
Anthony M. Gaglione
Niel Shell






Editors’ Preface

The editors of the New Mathematical Library, wishing to encourage
significant problem solving at an elementary level, have published a
variety of problem collections. In addition to the Annual High School
Mathematics Examinations (NML vols. 5, 17, 25 and 29) described in
detail in the Preface on the preceding pages, the NML series contains
translations of the Hungarian Eotvds Competitions through 1928
(NML vols. 11 and 12) and the International Mathematical Olympiads
(NML vol. 27). Both are essay type competitions containing only a
few questions which often require ingenious solutions.

The present volume is a sequel to NML vol. 25 published at the
request of the many readers who enjoyed the previous Contest Prob-
lem Books.

The Mathematical Association of America, publisher of the NML
series, is concerned primarily with mathematics at the undergraduate
level in colleges and universities. It conducts the annual Putnam
Competitions for undergraduate students. All three journals of the
MAA, the American Mathematical Monthly, Mathematics Magazine
and the Two Year College Mathematics Journal, have sections devoted
to problems and their solutions.

The editors of the New Mathematical Library are pleased to ac-
knowledge the essential contributions of R. A. Artino, A. M. Gaglione
and N. Shell, the three men who compiled and wrote solutions for the
problems in the present volume. The hard work of Stephen B. Maurer,
current chairman of the MAA Committee on High School Contests,
and that of other Committee members in the final editing of this
collection is greatly appreciated.

We suggest that readers attempt their own solutions before looking
at the ones offered. Their solutions may be quite different from, but
just as good or better than, those published here.

People taking the AHSME are told to avoid random guessing, since
there is a penalty for incorrect answers; however, if a participant can
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use his mathematical knowledge to eliminate all but one of the listed
choices, he will improve his score. A few examples of this kind of
elimination are indicated in some of the Notes appended to solutions.

Basil Gordon

Anneli Lax
1982
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List of Symbols

Name and/or Meaning

set of all x such that; e.g. {x: x is a positive integer less
than 4} is the set with members 1, 2, 3

contained in; 4 C B means each member of 4 isin B

contains: A D B means B C 4

not equal to

function f of the variable x

the value that f assigns to the constant a

identically equal; e.g. f(x) =1 means f(x) =1 for all
values of the variable x

in number theory, for integers a, b, m, a = b(mod m)
is read “a is congruent to bmod m” and means that
a — b is divisible by m.

less than

less than or equal to

greater than

greater than or equal to

approximately equal to

absolute value; |x| = { xifx > 0}
—xifx <0
n factorial, n'=1-2-...-n

combinations of n things taken k at a time;

(n) _ n!
k]l kn— k)
n
summation sign; ). a, means a, +a, + ...+ a

i=1

n

[+
infinite sum; Y. a,=a, + a, +...

i=1
base n representation; an® + bn* + cn + d
first difference; for a sequence a, a,,..., Aa, means
apyy — 4,
kth difference; a'a, = aa,, a**'a,=a (a*a,) for
k>1

the largest integer not bigger than x

xiii
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Symbol

a b
¢c d
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Name and /or Meaning

Z), equal to ad — bc

imaginary unit in the set of complex numbers, satisfying
i2= —1; also used as a constant or as a variable (or
index) taking integer values (e.g. in I_,a,=a, + a,
+ -+ as)

complex conjugate of z; if z = a + ib with a, b real,
then z = a — bi.

either line segment connecting points 4 and B or its
length

the minor circular arc with endpoints 4 and B

either angle ABC or its measure

is perpendicular to

is parallel to

is similar to

is congruent to

parallelogram

determinant of the matrix (‘cl



|

Problems

1973 Examination
Part 1

1. A chord which is the perpendicular bisector of a radius of length
12 in a circle, has length

(A)3W3 B)27 (C) 6/3 (D) 12/3 (E) none of these

2. One thousand unit cubes are fastened together to form a large
cube with edge length 10 units; this is painted and then separated
into the original cubes. The number of these unit cubes which
have at least one face painted is

(A) 600 (B) 520 (C) 488 (D) 480  (E) 400

3. The stronger Goldbach conjecture states that any even integer
greater than 7 can be written as the sum of two different prime
numbers.! For such representations of the even number 126, the
largest possible difference between the two primes is

(A)112 (B)100 (C)92 (D)88 (E) 80

tThe regular Goldbach conjecture states that any even integer greater than 3 is
expressible as a sum of two primes. Neither this conjecture nor the stronger version has
been settled.
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7.

10.
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Two congruent 30° — 60° — 90° triangles are placed so that they
overlap partly and their hypotenuses coincide. If the hypotenuse
of each triangle is 12, the area common to both triangles is

A 63 @BS8&3 ()93 (DI12/3 (E) 24

. Of the following five statements, I to V, about the binary opera-

tion of averaging (arithmetic mean),

I. Averaging is associative
II. Averaging is commutative
III. Averaging distributes over addition
IV. Addition distributes over averaging
V. Averaging has an identity element

those which are always true are

(A) All (B) I and II only (C) II and III only
(D) II and IV only (E) II and V only

If 554 is the base b representation of the square of the number
whose base b representation is 24, then b, when written in base
10, equals

(A)6 B8 ()12 (D14 (B 16

The sum of all the integers between 50 and 350 which end in 1 is
(A) 5880 (B) 5539 (C) 5208 (D) 4877 (E) 4566
If 1 pint of paint is needed to paint a statue 6 ft. high, then the

number of pints it will take to paint (to the same thickness) 540
statues similar to the original but only 1 ft. high, is

AW @® 72 ©45 D30 (E)15
In AABC with right angle at C, altitude CH and median CM

trisect the right angle. If the area of ACHM is K, then the area
of AABC is

(A) 6K (B) 43K (C) 33K (D)3K (E) 4K

If n is a real number, then the simultaneous nx +y =1
system to the right has no solution if and only ny+z=1
if n is equal to

x +nz =1

A -1 B0 (©]1
(D) Oorl (E) 4



PROBLEMS: 1973 EXAMINATION 3
Part 2

11. A circle with a circumscribed and an inscribed square centered at
the origin O of a rectangular coordinate system with positive x
and y axes OX and OY isshown in each figure I to IV below.

Y 11 Y I Y v Y

The inequalities

Ix] + |y] < y2(x? + y?) < 2Max(|x|, |y|)

are represented geometrically’ by the figure numbered
(A) 1 @ 1 O 111 (D) 1Iv (E) none of these

12. The average (arithmetic mean) age of a group consisting of
doctors and lawyers is 40. If the doctors average 35 and the
lawyers 50 years old, then the ratio of the number of doctors to
the number of lawyers is

(A)32 B)3}1 (©23 D)2l (E)Il2

o 2+
13. The fract al to
e fraction ————~ ‘/r is equ
A —— 2 ®1 (© — 2 (D) ; B T

tAn inequality of the form f(x, y) < g(x, y), forall x and y is represented geometri-
cally by a figure showing the containment

(The set of points (x, y) such that g(x, y) < a)
C {The set of points (x, y) suchthat f(x, y) < a})

for a typical real number a
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16.
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20.
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Each valve 4, B, and C, when open, releases water into a tank
at its own constant rate. With all three valves open, the tank fills
in 1 hour, with only valves 4 and C open it takes 1.5 hour, and
with only valves B and C open it takes 2 hours. The number of
hours required with only valves 4 and B open is

ALl B L5 (12 (D)125 (E) 175

A sector with acute central angle 8 is cut from a circle of radius 6.
The radius of the circle circumscribed about the sector is

(A) 3cos@ (B) 3secd (C)3cos30 (D) 3secifd (E)3

If the sum of all the angles except one of a convex polygon is
2190°, then the number of sides of the polygon must be

A 13 @B15 (@©17 @19 (B2l

If @ is an acute angle and sin {8 = xz—xl , then tan@ equals
1 VX Vx?—1
(A) x (B) > © Py 1 (D) o (B) Vx* -1

If p > 5 is a prime number, then 24 divides p? — 1 without re-
mainder

(A) never (B) sometimes only (C) always
(D) onlyif p=15 (E) none of these

Define n,! for n and a positive to be
n,'=n(n—a)(n—2a)(n - 3a)... (n — ka),

where k is the greatest integer for which n > ka.
Then the quotient 724!/18,! is equal to

A4 B (©O4 DL (B4

A cowboy is 4 miles south of a stream which flows due east. He is
also 8 miles west and 7 miles north of his cabin. He wishes to
water his horse at the stream and return home. The shortest
distance (in miles) he can travel and accomplish this is

(A)4+V/I85 (B)16 (C)17 (D) 18 (E) V32 + /137
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23.

24,

25.

26.
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Part 3

The number of sets of two or more consecutive positive integers
whose sum is 100 is

@1 ®2 ©3 M4 B>

The set of all real solutions of the inequality
[x— 1]+ |x+2] <5
is
A){x:—3<x<2) B){(x—-1<x<2)
O (x:-2<x<1l) D)x:-3<x<3) (E) 2 (empty)

There are two cards; one is red on both sides and the other is red
on one side and blue on the other. The cards have the same
probability (4) of being chosen, and one is chosen and placed on
the table. If the upper side of the card on the table is red, then the
probability that the under-side is also red is

Wi ®»3 ©O©F ™3F @i

The check for a luncheon of 3 sandwiches, 7 cups of coffee and
one piece of pie came to $3.15. The check for a luncheon consist-
ing of 4 sandwiches, 10 cups of coffee and one piece of pie came
to $4.20 at the same place. The cost of a luncheon consisting of
one sandwich, one cup of coffee and one piece of pie at the same
place will come to

(A) $1.70  (B) $1.65 (C) $1.20 (D) $1.05  (E) $.95

A circular grass plot 12 feet in diameter is cut by a straight gravel
path 3 feet wide, one edge of which passes through the center of
the plot. The number of square feet in the remaining grass area is

(A) 367 —34 (B) 30w —15 (C) 367 — 33
(D) 357 — 93 (E) 307 — 9/3

The number of terms in an A.P. (Arithmetic Progression) is even.
The sums of the odd- and even-numbered terms are 24 and 30
respectively. If the last term exceeds the first by 10.5, the number
of terms in the A.P. is

(A)20 (B)18 (O)12 (D10 (E)8
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27.

28.

29.

30.
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Cars A and B travel the same distance. Car A travels half that
distance at u miles per hour and half at v miles per hour. Car B
travels half the time at u miles per hour and half at v miles per
hour. The average speed of Car A is x miles per hour and that of
Car B is y miles per hour: Then we always have

A)x<y B)yxzy Ox=y D)x<y (E)x>y

If a, b, and ¢ are in geometric progression (G.P.) with 1 <a <
b<c and n > 1 is an integer, then log n,log,n,log n form a
sequence

(A) which is a G.P.

(B) which is an arithmetic progression (A.P.)

(O) in which the reciprocals of the terms form an A.P.

(D) in which the second and third terms are the nth powers of
the first and second respectively

(E) none of these

Two boys start moving from the same point A on a circular track
but in opposite directions. Their speeds are 5 ft. per sec. and 9 ft.
per sec. If they start at the same time and finish when they first
meet at the point A again, then the number of times they meet,
excluding the start and finish, is

(A) 13 (B)25 (C)44 (D) infinity (E) none of these
Let [¢t] denote the greatest integer < ¢ where t > 0 and S =
{(x, y): (x — T)®> + y2 < T? where T =t — [t]). Then we have

(A) the point (0,0) does not belong to S for any ¢
(B) 0 < Area S < = for all ¢

(C) S is contained in the first quadrant for all ¢ > 5
(D) the center of S for any ¢ is on the line y = x
(E) none of the other statements is true

Part 4
In the following equation, each of the letters represents uniquely a
different digit in base ten:
(YE)- (ME)=TTT
The sum £+ M + T + Y equals
(A) 19 (B) 20 ©) 21 (D) 22 (E) 24
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The volume of a pyramid whose base is an equilateral triangle of
side length 6 and whose other edges are each of length V15 is

A9 B)92 (C)21/72 (D) # (E) none of these

When one ounce of water is added to a mixture of acid and water,
the new mixture is 20% acid. When one ounce of acid is added
to the new mixture, the result is 333 % acid. The percentage of acid
in the original mixture is

(A) 2% (B) 24% (C) 25% (D) 30% (E) 331%

A plane flew straight against a wind between two towns in 84
minutes and returned with that wind in 9 minutes less than it
would take in still air. The number of minutes (2 answers) for the
return trip was

(A) 54 or 18 (B) 60 or 15 (C) 63 or 12 (D) 72 or 36
(E) 750r20

In the unit circle shown in the
figure to the right, chords PQ
and MN are parallel to the unit
radius OR of the circle with
center at 0. Chords MP, PQ
and NR are each s units long
and chord MN is d units long.
Of the three equations

Ld-s=1 I ds=1,
L. 42— s2=5

those which are necessarily true
are

(A) I only (B) II only (C) HI only
(D) I and II only (E) L 1I, and 111
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1974 Examination
.If x+0or 4 and y ¥ 0 or 6, then }2-+% =—;— is equivalent
to
(A)dx+3y=xy (B)y= 64_"y © F+%=2
(D) );4%6 =X (E) none of these

. Let x, and x, be such that x, # x, and 3x?— hx, = b,
i=1,2. Then x| + x, equals

@w-% ®F o7 on ®-3

. The coefficient of x” in the polynomial expansion of
(1 +2x —x?)*
is
(A) — 8 (B) 12 ©) 6 (D) —12 (E) none of these

. What is the remainder when x°' + 51 is divided by x + 1?
(A0 @B 1 (49 (D)5 (E) 5l

. Given a quadrilateral ABCD inscribed in a circle with side AB
extended beyond B to point E, if £BAD = 92° and £ADC =
68°, find £ EBC.

(A) 66° (B) 68° (C)70° (D) 88°  (E) 92°

. For positive real numbers x and y define x* y = : ; then
(A) “»” is commutative but not associative

(B) “#*” is associative but not commutative

(C) “»” is neither commutative nor associative

(D) ““»” is commutative and associative

(E) none of these
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10.
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PROBLEMS: 1974 EXAMINATION 9

A town’s population increased by 1,200 people, and then this new
population decreased by 11%. The town now had 32 less people
than it did before the 1,200 increase. What is the original popula-
tion?

(A) 1,200 (B) 11,200 (C) 9,968 (D) 10,000
(E) none of these

. What is the smallest prime number dividing the sum 3'' + 5!3?

(A) 2 B3 © S5 (D) 3! + 513 (E) none of these

. The integers greater than one are arranged in five columns as

follows:

2 3 4 5
9 8 7 6

10 11 12 13
17 16 15 14

(Four consecutive integers appear in each row; in the first, third
and other odd numbered rows, the integers appear in the last four
columns and increase from left to right; in the second, fourth and
other even numbered rows, the integers appear in the first four
columns and increase from right to left.)

In which column will the number 1,000 fall?
(A) first  (B) second (C) third (D) fourth (E) fifth

What is the smallest integral value of k such that
2x(kx —4) —x*+6=0

has no real roots?

A -1 ®2 ©3 M4 ES5

If (a, b) and (¢, d) are two points on the line whose equation is
y =mx + k, then the distance between (a, b) and (¢, d), in
terms of a, ¢ and m, is

(A) la—clV1 +m? (B) la+c|¥1 +m? (C) %

D) la—c|(1+m?)  (B) |a—c||m|
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— x2

12. If g(x) = 1 — x? and f(g(x)) = 1 >
x

f(1/2) equals
A3 ®»1I (©3 MV2/2 B2

when x # 0, then

13. Which of the following is equivalent to “If P is true then Q is
false.”?

(A) “P is true or Q is false.”

(B) “If Q is false then P is true.”
(C) “If P is false then Q is true.”
(D) “If Q is true then P is false.”
(E) “If Q is true then P is true.”

14. Which statement is correct?
(A) If x <0, then x> > x. (B) If x2> 0, then x > 0.
(O) If x2> x, then x> 0. (D)If x> > x, then x <O0.

(B) If x <1, then x? < x.

15. If x < —2 then |1 — |1 + x|| equals
(A) 2 +x B) -2—x ©) x D) —x (E) -2

16. A circle of radius r is inscribed in a right isosceles triangle, and a
circle of radius R is circumscribed about the triangle. Then R/r
equals

2+y2 V2 — 1
2

W1+ ®F- ©

1+v2
2

(D) (B) 22 - v2)

17. If i = —1, then (1 + )® — (1 — i)® equals
(A) —1024 (B) —1024i (C)0 (D) 1024 (E) 1024i
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If logg3 = p and log;5 = ¢, then, in terms of p and ¢, log,,5
equals

3p+gq 1 + 3pq 3pq
A B) ———= c) ———=
EE))p2q+ 2() 5 (© p+q ()1+3pq
4 q

In the adjoining figure ABCD D C
is a square and CMN is an
equilateral triangle. If the area M
of ABCD is one square inch,

then the area of CMN in square

inches is

A)23-3 ®)1-V3/3
(©) V3 /4 (D) V2 /3 ), N B
(E) 4 —2/3

Let

N 1 1
3-8 B-V1 -V - -2
then

A T<1 @B T=1 (C)1<T<2 (D) T>2

BT G- BB - )T —6) e —5)5 - 2)

In a geometric series of positive terms the difference between the
fifth and fourth terms is 576, and the difference between the
second and first terms is 9. What is the sum of the first five terms
of this series?

(A) 1061 (B) 1023 (C) 1024 (D) 768 (E) none of these

The minimum value of sin% -3 cos% is attained when A is

(A) —180° (B) 60° (C) 120° (D) 0° (E) none of these
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In the adjoining figure TP and T'Q T 4 p
are parallel tangents to a circle of

radius r, with T and 7" the points T
of tangency. PT”Q is a third tangent

with T” as point of tangency. If TP '
=4 and T'Q = 9 then r is

(A)25,6 (B)Y6 (C) 25/4 T 9 0

(D) a number other than 25/6, 6, 25/4
(E) not determinable from the given information

A fair die is rolled six times. The probability of rolling at least a
five at least five times is

(A) 13729 (B) 12/729 (C) 2/729 (D) 3/729
(E) none of these

In parallelogram 4ABCD of the accompanying diagram, line DP
is drawn bisecting BC at N and meeting AB (extended) at P.
From vertex C, line CQ is drawn bisecting side AD at M and
meeting AB (extended) at Q. Lines DP and CQ meet at O. If
the area of parallelogram ABCD is k, then the area of triangle
QPO is equal to

(A) kK (B) 6k/5
(C) 9% /8 (D) 5k /4
(E) 2k

P

The number of distinct positive integral divisors of (30)* excluding
1 and (30)*is

(A) 100 B) 125 (C) 123 (D) 30 (E) none of these

If f(x) = 3x + 2 for all real x, then the statement:

“|f(x) + 4| < a whenever |[x+ 2| <b and a>0and b > 0"
is true when

A b<a/3 @B b>a3 (Qa<b/3 ([D)ya>b/3

(E) The statement is never true.
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Which of the following is satisfied by all numbers x of the form

a a
x=24f, 0 0
3 3 325

where g, isOor2, a, isOor 2,..., a,s is 0 or 2?7

A)Ogx<1/3 B 1/3<x<2/3 (©)2/3gx<1
MOo<sx<1/30r2/3g<x<1 E 1/2<x<3/4
For p=1,2,..., 10 let S, be the sum of the first 40 terms of the

arithmetic progressnon whose first term is p and whose common
difference is 2p — 1; then S, + S, + -+ + Sy is

(A) 80,000  (B) 80200 (C) 80,400 (D) 80,600
(E) 80,800

A line segment is divided so that the lesser part is to the greater
part as the greater part is to the whole. If R is the ratio of the
lesser part to the greater part, then the value of

R[R“"*""+R"]+R-1
is
(A) 2 (B) 2R (©) R! (D)2+R™! (E) 2+ R
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1975 Examination
1

. The value of =——————— is

1
1

2-1
A)34 ®B4s5 ©Os5/6 (D)6/7T (B 6/5

2 -

. For which real values of m are the simultaneous equations

y=mx+3
y=0Cm-1x+4
satisfied by at least one pair of real numbers (x, y)?

(Ayallm (B)allm+0 (C)all m+1/2 (D) all m+1
(E) no values of m

. Which of the following inequalities are satisfied for all real num-

bers a, b, ¢, x, y, z which satisfy the conditions x < a, y < b,
and z < ¢?

Lxy+yz+zx<ab+ bc+ca
ILx2+y?+22<a’+b*+¢?
IL xyz < abc

(A) None are satisfied.  (B) I only (C) 1I only
(D) III only (BE) All are satisfied.

. If the side of one square is the diagonal of a second square, what

is the ratio of the area of the first square to the area of the second?

@2 ®»v2 ©l12 D2 ®4

. The polynomial (x + y)? is expanded in decreasing powers of x.

The second and third terms have equal values when evaluated at
x=p and y = ¢, where p and ¢ are positive numbers whose
sum is one. What is the value of p?

Aails ®B;4eays ©Ol4 D34 (B89

. The sum of the first eighty positive odd integers subtracted from

the sum of the first eighty positive even integers is
(A0 @®B)20 (€40 (D)60 (E) 80
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. . —|x s
For which non-zero real numbers x is %l—l a positive in-

teger?

(A) for negative x only (B) for positive x only
(C) only for x an even integer

(D) for all non-zero real numbers x

(E) for no non-zero real numbers x

. If the statement “All shirts in this store are on sale.” is false, then

which of the following statements must be true?

I. All shirts in this store are at non-sale prices.}
II. There is some shirt in this store not on sale.
II1. No shirt in this store is on sale.
IV. Not all shirts in this store are on sale.

(A) Ilonly (B) IVonly (C) I and III only
(D) Mand IVonly (E) I, Il and IV only

. Let ay, a,,... and b, b,,... be arithmetic progressions such that

a, =25 b, =175 and ayy + bo, = 100. Find the sum of the
first one hundred terms of the progression a, + b, a, + b,,....

A0 (B) 100 (C) 10,000 (D) 505,000
(B) not enough information given to solve the problem

The sum of the digits in base ten of (104"**® + 1)2, where n is a
positive integer, is

A)d B)d4n (C)2+2n (D)4n> E)n*+n+2

Let P be an interior point of circle X other than the center of X.
Form all chords of K which pass through P, and determine their
midpoints. The locus of these midpoints is

(A) a circle with one point deleted

(B) acircle if the distance from P to the center of X is less than
one half the radius of K; otherwise a circular arc of less than
360°

(C) a semicircle with one point deleted

(D) a semicircle (E) a circle

*Originally, statement I read: All shurts in this store are not on sale.
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If a+b,a®>— b*=19x* and a — b = x, which of the following
conclusions is correct?

(A)a=3x ((B)a=3xora= —2x
C)a=-3xo0ora=2x D)a=3xora=2x (E)a=2x

The equation x® — 3x> — 6x*> — x + 8 = 0 has

(A) no real roots

(B) exactly two distinct negative roots

(C) exactly one negative root

(D) no negative roots, but at least one positive root
(E) none of these

If the whatsis is so when the whosis is is and the so and so is is - so,
what is the whosis - whatsis when the whosis is so, the so and so is
so - so, and the is is two (whatsis, whosis, is and so are variables
taking positive values)?

(A) whosis - is - so (B) whosis ©) is (D) so
(E) so and so

In the sequence of numbers 1, 3,2, ... each term after the first two
is equal to the term preceding it minus the term preceding that.
The sum of the first one hundred terms of the sequence is

Aas ®»4 ©O2 D1 (E -1

If the first term of an infinite geometric series is a positive integer,
the common ratio is the reciprocal of a positive integer, and the
sum of the series is 3, then the sum of the first two terms of the
series is

a3 ®23 ©O©83 D2 (B2

A man can commute either by train or by bus. If he goes to work
on the train in the morning, he comes home on the bus in the
afternoon; and if he comes home in the afternoon on the train, he
took the bus in the morning. During a total of x working days,
the man took the bus to work in the morning 8 times, came home
by bus in the afternoon 15 times, and commuted by train (either
morning or afternoon) 9 times. Find x.

Al19 @®18 (© 17 (D) 16
(E) not enough information given to solve the problem
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A positive integer N with three digits in its base ten representa-
tion is chosen at random, with each three digit number having an
equal chance of being chosen. The probability that log,N is an
integer is

(A) O (B) 3/899 (C) 1,225 (D) 1/300 (E) 1/450

Which positive numbers x satisfy the equation (log;x)log,5) =
log;5?

(A) 3 and 5 only (B) 3,5 and 15 only

(C) only numbers of the form 5" - 3™, where n and m are posi-
tive integers

(D) all positive x # 1 (E) none of these

In the adjoining figure triangle ABC is such that AB = 4 and
AC = 8. If M is the midpoint of BC and AM = 3, what is the
length of BC?

(A) 2/26  (B) 2/31 4
© 9 (D) 4 + 2/T3 /\
(E) not enough information

given to solve the problem B M C

Suppose f(x) is defined for all real numbers x; f(x) > 0 for all
x; and f(a)f(b) = f(a + b) for all a and b. Which of the fol-
lowing statements are true?

L f(0)=1 IL f(—a)= 1/f(a) forall a
1L f(a) = {f(3a) forall a  IV. f(b)> f(a) if b>a

(A) lll and IV only  (B) I, III and IV only
(C) LITand IVonly (D) I, Il and Il only (E) All are true.

If p and q are primes and x? — px + ¢ = 0 has distinct posi-
tive integral roots, then which of the following statements are
true?

I. The difference of the roots is odd.
II. At least one root is prime.
IIL. p? — q is prime.
IV. p + ¢q is prime.

(A)Ionly (B) Honly (C)II and III only
(D) I, I and 1V only (E) All are true.
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In the adjoining figure AB and BC are D C
adjacent sides of square ABCD; M is
the midpoint of AB; N is the midpoint
of BC; and AN and CM intersect at
0. The ratio of the area of AOCD to N

the area of ABCD is Y
(A)5/6 (B)3/4 (C)2/3
M) V3/2 (B) (3 -1)/2 A M B

In triangle ABC, £C =0 and £ B = 26, where 0° < § < 60°.
The circle with center 4 and radius AB intersects AC at D and
intersects BC, extended if necessary, at B and at E (F may
coincide with B). Then EC = AD

(A) for no values of § (B) only if 8 = 45°
(C) onlyif 0° < § < 45° (D) only if 45° < 8 < 60°
(E) for all @ such that 0° < 8 < 60°

A woman, her brother, her son and her daughter are chess players
(all relations by birth). The worst player’s twin (who is one of the
four players) and the best player are of opposite sex. The worst
player and the best player are the same age. Who is the worst
player?

(A) the woman (B) her son
(C) her brother (D) her daughter
(E) No solution is consistent with the given information.

In acute triangle 4BC the bisector of £ 4 meets side BC at D.
The circle with center B and radius BD intersects side AB at
M; and the circle with center C and radius CD intersects side
AC at N. Then it is always true that

(A) £CND + £BMD — £DAC = 120°
(B) AMDN is a trapezoid
(C) BC is parallel to MN

(D) AM_AN=3(DB—_DC)
3(DB—2DC)

(E) AB — AC = >

If p,q and r are distinct roots of x> — x2 + x — 2 =0, then
P+ q* + r® equals

A -1 B 1 ©) 3 D)5 (E) none of these
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28. In triangle ABC shown in the adjoining figure, M is the md-
point of side BC, AB = 12 and AC = 16. Points E and F are
taken on AC and AB, respectively, and lines EF and AM in-
tersect at G. If AE = 2AF then EG/GF equals

C
(A) 3/2 (B) 4/3 E
€ s5/4 ((D)6/5
(E) not enough information
given to solve the problem G

A F B

29. What is the smallest integer larger than (V3 + v2)®?
(A)972 (B) 971 () 970 (D) 969  (E) 968

30. Let x = cos36° — cos72°. Then x equals
A 13 @12 (C)3-y6 (D)2y3-3

(E) none of these
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1976 Examination

If one minus the reciprocal of (1 — x) equals the reciprocal of
(1 — x), then x equals

@w-2 ®»-1 ©O12 M2 ®3

. For how many real numbers x is |y — (x + 1)2 a real number?

(A) none (B) one (©) two
(D) a finite number greater than two (E) infinitely many

. The sum of the distances from one vertex of a square with sides of

length two to the midpoints of each of the sides of the square is

A)2/5 @®@2+V3 (©2+2/3 (D)2+5
(B) 2 +2/5

Let a geometric progression with n terms have first term one,
common ratio r and sum s, where r and s are not zero. The
sum of the geometric progression formed by replacing each term
of the original progression by its reciprocal is

s n rn—l

@ = ®

1 1
@y ® o © -5

. How many integers greater than ten and less than one hundred,

written in base ten notation, are increased by nine when their
digits are reversed?

(A)O (B)1 (8 @9 (E) 10

. If ¢ is a real number and the negative of one of the solutions of

x2—3x+c¢=01is a solution of x* + 3x — ¢ = 0, then the
solutions of x* — 3x + ¢ =0 are

(A 1,2 B) -1,-2 () 0,3 (D)0,-3 (E) %%

. If x is a real number, then the quantity (1 — |x[)(1 + x) is posi-

tive if and only if

A) |x] <1 (B) x<1 © |x|>1 D) x< -1
E)x<-lor -1<x<l
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8. A point in the plane, both of whose rectangular coordinates are
integers with absolute value less than or equal to four, is chosen at
random, with all such points having an equal probability of being
chosen. What is the probability that the distance from the point to
the origin is at most two units?

13 15 13 i
Mg Bz Oz O
(E) the square of a rational number

9. In triangle ABC, D is the midpoint of AB; E is the midpoint of
DB; and F is the midpoint of BC. If the area of AABC is 96,
then the area of AAEF is

(A)16 (B)24 (C)32 (D)36 (E) 48

10. If m, n, p and g are real numbers and f(x) = mx + n and
g(x) = px + g, then the equation f(g(x)) = g(f(x)) has a solu-
tion

(A) for all choices of m, n, p and ¢
(B) ifandonlyif m=p and n=¢

(C) ifand only if mg —np =0

(D) if and only if n(1 — p)—q(1 —m)=0

(B) ifandonlyif 1 —n)1-p)—-(1-¢g)1 —m)=0

11. Which of the following statements is (are) equivalent to the
statement “If the pink elephant on planet alpha has purple eyes,
then the wild pig on planet beta does not have a long nose’?

L. “If the wild pig on planet beta has a long nose, then the pink
elephant on planet alpha has purple eyes.”

IL. “If the pink elephant on planet alpha does not have purple
eyes, then the wild pig on planet beta does not have a long
nose.”

III. “If the wild pig on planet beta has a long nose, then the pink
elephant on planet alpha does not have purple eyes.”

IV. “The pink elephant on planet alpha does not have purple
eyes, or' the wild pig on planet beta does not have a long
nose.”

(A) I and III only (B) III and IV only
(C) 11 and IV only (D) II and III only (E) 111 only

*The word “or” is used here in the inclusive sense (as is customary in mathematical
writing)
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A supermarket has 128 crates of apples. Each crate contains at
least 120 apples and at most 144 apples. What is the largest
integer n such that there must be at least n crates containing the
same number of apples?

(A) 4 ®B) 5 ©) 6 (D) 24 (E) 25

If x cows give x + 1 cans of milk in x + 2 days, how many
days will it take x + 3 cows to give x + 5 cans of milk?

x(x +2)(x +5) x(x + 1)(x +5)

A) (x + 1)(x +3) (B) (x +2)(x +3)
(x + 1)(x +3)}x+5) (D (x+ 1)(x +3)
x(x +2) ) x(x +2)(x + 5)

(E) none of these

©

The measures of the interior angles of a convex polygon are in
arithmetic progression. If the smallest angle is 100° and the largest
angle is 140°, then the number of sides the polygon has is

A6 @8 (€10 @OIl €12

If r is the remainder when each of the numbers 1059, 1417 and
2312 is divided by d, where d is an integer greater than one, then
d — r equals

Al ®15 (©1719 @Md-15 ([Ed-1

In triangles ABC and DEF, lengths AC, BC, DF and EF are
all equal. Length AB is twice the length of the altitude of ADEF
from F to DE. Which of the following statements is (are) true?

1. £ACB and £DFE must be complementary.
Il. £ACB and £ DFE must be supplementary.
ITI. The area of AABC must equal the area of ADEF.
IV. The area of A ABC must equal twice the area of ADEF.

(A) I only (B) 111 only (C) 1V only
(D) I and III only (E) II and III only

If @ is an acute angle and sin26 = a, then sin§ + cos @ equals
A vVa+1 @B (¢2-1Da+1 © Va+1-Va*-a
D)Va+1+Va*—a B)va+1 +a’-a
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18. In the adjoining figure, 4B is tangent at 4 to the circle with

19.

20.

21.

center Q; point D is interior to the circle; and DB intersects the
circle at C. If BC=DC =3, OD =2 and AB = 6, then the
radius of the circle is

(A) 3+V3
(B) 15/x
©) 9,2
(D) 2V6
(B) v22

A polynomial p(x) has remainder three when divided by x — 1
and remainder five when divided by x — 3. The remainder when
p(x) is divided by (x — 1)(x — 3) is

A x-2 @Bx+2 ©2 D8 (E)I5

Let a, b and x be positive real numbers distinct from one. Then
4(log,x) + 3(log,x)* = 8(log,x)(log,x)

(A) for all values of a,b and x  (B) if and only if a = b?
(C) if and only if b = a? (D) if and only if x = ab
(E) none of these

What is the smallest positive odd integer n such that the product
21/723/7 e 2(2n+ /7
is greater than 1000? (In the product the denominators of the

exponents are all sevens, and the numerators are the successive
odd integers from 1 to 2n + 1.)

A7 ®»9 ©I11 OI17T ®19



24

22.

23.

24.

25.

THE MAA PROBLEM BOOK IV

Given an equilateral triangle with side of length s, consider the
locus of all points P in the plane of the triangle such that the sum
of the squares of the distances from P to the vertices of the
triangle is a fixed number a. This locus

(A) is a circle if a > s?

(B) contains only three points if a = 252 and is a circle if
a > 2s?

(C) is a circle with positive radius only if 52 < a < 2s?

(D) contains only a finite number of points for any value of a

(E) is none of these

For integers k and n such that 1 < k < n, let
n n!
(k) C kNn— k)
n—2k—1\(n\ . .
Then (_F_-e-—l—)(k) is an integer

(A) for all k and n

(B) for all even values of k and n, but not for all £ and n

(C) for all odd values of k and n, but not for all £k and n

(D) if k=1 or n — 1, but not for all odd values of k and n
(E) if n is divisible by k, but not for all even values of k and n

In the adjoining figure, circle K has diameter AB; circle L is
tangent to circle K and to AB at the center of circle K; and
circle M is tangent to circle K, tocircle L and to 4B. The ratio
of the area of circle K to the area of circle M is

(A) 12
(B) 14
© 16 M

(D) 18 A X B

(E) not an integer

For a sequence u,, U,,..., define a'(u,)=u,,, — u, and, for
all integers k > 1,a%(u,) = a'(a*"'(u,)). If u, = n® + n, then
a¥(u,)=0 for all n

A)if k=1 B) if k=2, butnotif k=1
©)if k=3 butnotif k=2 (D)if k=4, but not if k =3
(E) for no value of k
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In the adjoining figure, every point of circle O’ is exterior to
circle 0. Let P and O be the points of intersection of an inter-
nal common tangent with the two external common tangents.
Then the length of PQ is

(A) the average of the
lengths of the internal
and external common
tangents

(B) equal to the length of
an external common
tangent if and only if 0
circles O and O’ P
have equal radii o’

(C) always equal to the
length of an external
common tangent

(D) greater than the length of an external common tangent

(E) the geometric mean of the lengths of the internal and external
common tangents

If

=\/»/§+2 + V5 -2

Tyl R

then N equals

A1 B 22 -1 (C)g (D)\/g

(E) none of these

Lines L, L,..., Ly, are distinct. All lines L,,, n a positive in-
teger, are parallel to each other. All lines L,, 3, n a positive
integer, pass through a given point 4. The maximum number of
points of intersection of pairs of lines from the complete set
{L\, Ly,..., Ligo}is

(A) 4350 (B) 4351 (C) 4900 (D) 4901 (E) 9851
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29. Ann and Barbara were comparing their ages and found that
Barbara is as old as Ann was when Barbara was as old as Ann had
been when Barbara was half as old as Ann is. If the sum of their
present ages is 44 years, then Ann’s age is

(A)22 (B)24 (©)25 (D)26 (E)28

30. How many distinct ordered triples (x, y, z) satisfy the equations
x+2y+4z=12
xy + 4yz + 2xz =22
xyz =167

(Aynone @B)1 ()2 @dD)4 (E)6
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1977 Examination

1. If y=2x and z =2y, then x + y + z equals
(A) x (B) 3x (©) 5x (D) 7x (E) 9x

2. Which one of the following statements is false? All equilateral
triangles are

(A) equiangular (B) isosceles (C) regular polygons
(D) congruent to each other (E) similar to each other

3. A man has $2.73 in pennies, nickels, dimes, quarters and half
dollars. If he has an equal number of coins of each kind, then the
total number of coins he has is

A3 ®S5S ©9 DI ()15

4. In triangle ABC, AB = AC A
and £4 = 80°. If points
D, E and F lie on sides E
BC, AC and AB, respec- F
tively, and CE = CD and
BF = BD, then £ EDF equals

(A) 30° (B) 40°
(C) 50° (D) 65° c
(E) none of these

-]

5. The set of all points P such that the sum of the (undirected)
distances from P to two fixed points 4 and B equals the dis-
tance between 4 and B is

(A) the line segment from 4 to B

(B) the line passing through 4 and B

(C) the perpendicular bisector of the line segment from A4 to B
(D) an ellipse having positive area

(E) a parabola
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Y

. If x, y and 2x + = are not zero, then

2

- (2x + %)-l [(2x)'l + (%)—l]

@1 Bx ' ©xly (D))
(E) none of these

LIf = +, then ¢ equals

1-V2
(Mﬂ—ﬁm—ﬁ)(ma—ﬁm+ﬁ)
© A +V2)1-V2) (D) +V2)1+V2)
() — (1 +v2)1 +V2)

. For every triple (a, b, ¢) of non-zero real numbers, form the

number
a, b c ab
lal ~ |b] e  labe|
The set of all numbers formed is
(A) {0y (B){-4,0,4y (C){—4,-2,0,2,4
(D){(—4,-2,2,9) (E) none of these

. In the adjoining figure £ E = 40° and arc AB, arc BC and arc

CD all have equal length. Find the measure of £ ACD.

@100 @1, 8
o o (3 4
() 30° E
D
C

If Bx — 1) =a,;x" + agx® +--- + ay, then a, + ag +---+a,
equals

(A)O (B)1 (C)64 (D) —64 (E) 128
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For each real number x, let |x] be the largest integer not exceed-
ing x (i.e, the integer n such that n < x < n + 1). Which of the
following statements is (are) true?

Lix+1]=[x]+1 forall x
IL [x + y]=Ix] +[y] forall x and y
IIL [xy] = [x]ly] for all x and y

(A) none (B)lonly (C)IandIlonly
(D) Il only (E) all

Al's age is 16 more than the sum of Bob’s age and Carl’s age, and
the square of Al’s age is 1632 more than the square of the sum of
Bob’s age and Carl’s age. The sum of the ages of Al, Bob and Carl
is

(A)64 (B)94 (C)9% (D) 102 (E) 140

If a, a5, a,,... is a sequence of positive numbers such that
a,,,=a,a,,, for all positive integers n, then the sequence
a,, a,, a,,... is a geometric progression

(A) for all positive values of a, and a,
(B) if and only if a, = a, (C) if and only if a4,
(D) if and only if a, =1 (E) if and only if g,

How many pairs (m, n) of integers satisfy the equation m + n =
mn?

(A)1 (B)2 (O3 (D)4 (E) more than 4

Each of the three circles in the adjoining figure is externally
tangent to the other two, and each side of the triangle is tangent to
two of the circles. If each circle has radius three, then the
perimeter of the triangle is

(A) 36 + %2 (B) 36 + 6Y3
(C)36+9/3 (D)I18 + 18/3
(E) 45
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16. If i2 = —1, then the sum

17.

18.

19.

20.

cos45°+ icos 135° + - -+ + i"cos(45+ 90n)°+ - - - + i*cos 3645°

equals
(A) g (B) — 102  (C) %
(D) g(Zl - 20i) (E) g(ﬂ + 20i)

Three fair dice are tossed (all faces have the same probability of
coming up). What is the probability that the three numbers turned
up can be arranged to form an arithmetic progression with com-
mon difference one?

1 1
Wi Bg ©OF Mo 6=

If y = (log,3)(log,4) - - - (log,[n + 1]) - - - (log;,32) then

(A)d<y<5 B)y=5 O 5<y<6
D)yy=6 (B)6<y<7

Let E be the point of intersection of the diagonals of convex
quadrilateral ABCD, and let P, Q, R and S be the centers of
the circles circumscribing triangles ABE, BCE, CDE and ADE,
respectively. Then

(A) PQRS is a parallelogram

(B) PQRS is a parallelogram if and only if ABCD is a rhombus

(C) PQRS is a parallelogram if and only if ABCD is a rectangle

(D) PQRS is a parallelogram if and only if ABCD is a parallelo-
gram

(E) none of the above are true

For how many paths consisting of a sequence of horizontal
and/or vertical line segments, with each segment connecting a
pair of adjacent letters in the diagram below, is the word CON-
TEST spelled out as the path is traversed from beginning to end?

(A) 63 (B) 128 C

(©) 129 (D) 255 nggc

(E) none of these CONTNOC
CONTETNOC
CONTESETNOC

CONTESTSETNOC
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For how many values of the coefficient a do the equations

x>+ax+1=0,
x2=x—-a=0

have a common real solution?
A0 B) 1 © 2 (D) 3 (E) infinitely many

If f(x) is a real valued function of the real variable x, and f(x)
is not identically zero, and for all a and b

fla+b)+f(a—b)=2f(a)+2/(b),

then for all x and y

A) fO)=1 ®B) f(=x)=—f(x) (O f(—x)=f(x)
D) f(x+y)=f(xX)+f(») (E) there is a positive number T
such that f(x + T) = f(x)

If the solutions of the equation x? + px + g = 0 are the cubes of
the solutions of the equation x? + mx + n =0, then

A p=m*+3mn @B p=m*-3mn (C)p+q=m
m? _p
D) ( n) =g (E) none of these

Find the sum

1 1 I 1
— 4 ... o —
13735 " T a-DEn+) 255 - 257

127 128 1 128 129
A) 255 (B) 255 © 3 (D) 257 (E) 257

Determine the largest positive integer n such that 1005! is divisi-
ble by 10",

(A) 102 (B) 112 (C) 249 (D) 502 (E) none of these
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Let a, b, c and d be the lengths of sides MN, NP, PQ and OM,
respectively, of quadrilateral MNPQ. If A is the area of MNP,
then

(A) 4 = (a ; c)(b-; ) if and only if MNPQ is convex

(B) 4 = (“ : C)(” : d) if and only if MNPQ is a rectangle

) A< (a ; C)(b ; d) if and only if MNPQ is a rectangle

D 4< (5 C)(" : d) if and only if MNPQ is a parallelo-
gram

(E) 4 > (“ ;’ C)(b Jz' d) if and only if MNPQ is a parallelo-

There are two spherical balls of different sizes lying in two corners
of a rectangular room, each touching two walls and the floor. If
there is a point on each ball which is 5 inches from each wall
which that ball touches and 10 inches from the floor, then the sum
of the diameters of the balls is

(A) 20 inches  (B) 30 inches  (C) 40 inches
(D) 60 inches (E) not determined by the given information

Let g(x)=x>+x*+ x> + x? + x + 1. What is the remainder
when the polynomial g(x'?) is divided by the polynomial g(x)?

A6 @BS5S5-x @©d4-x+x2 D)3-x+x*-x3
E)2-x+x-x}+x*

Find the smallest integer n such that
(x2+ 2+ 22)° < n(x* + y* + 2¢)
for all real numbers x, y, and z.
(A)2 (B)3 (C)4 (D) 6 (E) There is no such integer n.
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30. If a, b and d are the lengths of a side, a shortest diagonal and a
longest diagonal, respectively, of a regular nonagon (see adjoining
figure), then

(A)d=a+b N
(B) d*=a>+ b b
(C) d*=a*+ ab + b*
d
a+d
D) b= 2

(B) b* = ad
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4 4 2
I 1—;+; = 0, then < equals

A) -1 (B) 1 ©) 2 (D) —1lor2 (E) —lor -2

. If four times the reciprocal of the circumference of a circle equals

the diameter of the circle, then the area of the circle is

W= ® ©l O ®a
- a

. For all non-zero numbers x and y such that x = 1/y,

(== 3)0+3)

(A) 2x2 (B) 2y? (C) x? +y? (D) x? — y? (E) y2 — x2

. If a=1,b=10,c =100 and d = 1000, then

(a+b+c—d)+(a+b—c+d)
+(a-b+c+d)+(—a+b+c+d)

is equal to

(A) 1111 (B) 2222 (C) 3333 (D) 1212 (E) 4242

Four boys bought a boat for $60. The first boy paid one half of
the sum of the amounts paid by the other boys; the second boy
paid one third of the sum of the amounts paid by the other boys;
and the third boy paid one fourth of the sum of the amounts paid
by the other boys. How much did the fourth boy pay?

(A)$10  (B)$12 (C)$13 (D) $14 (E) $15
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6. The number of distinct pairs (x, y) of real numbers satisfying
both of the following equations:

x=x%+y?,
y=2xy

is

@ao ®B1 ©2 O3 E4

7. Opposite sides of a regular hexagon are 12 inches apart. The
length of each side, in inches, is

W15 BEZ ©N2 D33 (B 43

8. If x # y and the sequences x, a,, a,, y and x, b, b,, b;, y each
are in arithmetic progression, then (a, — a,)/(b, — b,) equals

3
wW: ®3 ©1 ®F ®3

9. If x <0, then |x — \(x — 1)*| equals

(A)1 (B)1-2x (C) -2x—1 (D) 1+2x (E)2x—1

10. If B is a point on circle C with center P, then the set of all
points A in the plane of circle C such that the distance between
A and B is less than or equal to the distance between 4 and any
other point on circle C is

(A) the line segment from P to B

(B) the ray beginning at P and passing through B
(C) a ray beginning at B

(D) a circle whose center is P

(E) a circle whose center is B

11. If r is positive and the line whose eqzuation is x + y = r is tan-
gent to the circle whose equation is x* + y2 = r, then r equals

(A) % B 1 (@©2 M2 ()22
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In AADE, £ ADE = 140° points B and C lie on sides AD and
AE, respectively, and points 4, B, C, D, E are distinct.t If
lengths AB, BC,CD and DE are all equal, then the measure of
LEAD is

(A)5° (B)6° (C)75° (D)8 (E) 10°
If a, b, c, and d are non-zero numbers such that ¢ and d are

the solutions of x* + ax + 5= 0 and a and b are the solutions
of x>+ cx +d=0, then a + b + ¢ + d equals

Ao ® -2 ©2 M4 B (-1+V5)2
If an integer n, greater than 8, is a solution of the equation

x2—ax + b=0 and the representation of a in the base n
numeration system is 18, then the base n representation of b is

(A)18 (B)28 (C)80 (D)8l (E) 280

If sinx +cosx=1/5 and 0 < x < 7, then tan x is

@w-3 ®-3 ©3F o3

(E) not completely determined by the given information

In a room containing N people, N > 3, at least one person has
not shaken hands with everyone else in the room. What is the
maximum number of people in the room that could have shaken
hands with everyone else?

A0 B1 (OON-1 (D)N (E) none of these

If k is a positive number and f is a function such that, for every
positive number x,

[£(x*+ D] = k;

then, for every positive number y,

9 + y*
i
y
is equal to

Wk ®2% (©kk DK B Wk

12
y

*The specification that points 4, B, C, D, E be distinct was not included in the original
statement of the problem. If B = D, then C = E and £ EAD = 20°.
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What is the smallest positive integer n such that vn — vn — 1
< .01?

(A) 2499  (B) 2500 (C) 2501 (D) 10,000
(E) There is no such integer.

A positive integer n not exceeding 100 is chosen in such a way
that if n < 50, then the probability of choosing n is p, and if
n > 50, then the probability of choosing n is 3p. The probabil-
ity that a perfect square is chosen is

(A) 05 (B) 065 (C).08 (D).09 (E).l

If a, b, ¢ are non-zero real numbers such that

a+b—c a—-b+c _-—a+b+c
c b a ’

and

"= (a+ b)b+c)c+a)
abc ’

and x <0, then x equals
A -1 @B -2 ()-4 (D -6 (E) -8

For all positive numbers x distinct from 1,

1 + 1 + 1
logsx  logyx  logsx

equals
@) ® i © ‘
loggox log,60 (log;x)(log,x )(logsx)
12
(D
) (logsx) + (log,x) + (logsx)
(E) log,x log,x logsx

(logsx)(logsx) ~ (log,x)(logsx)  (log,x)(logsx)
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The following four statements, and only these, are found on a
card:

On this card exactly one statement is false.
On this card exactly two statements are false.
On this card exactly three statements are false.
On this card exactly four statements are false.

(Assume each statement on the card is either true or false.) Among
them the number of false statements is exactly

@0 ®1 ©2 M3 ®4

Vertex E of equilateral triangle ABE is in the interior of square
ABCD, and F is the point of intersection of diagonal BD and

line segment AE. If length AB is y1 + V3 then the area of
AABF is

D C

w1 ®Z ©

NS
n

(D)4-2/3 () %+

A B

If the distinct non-zero numbers x(y — z), y(z — x), z(x — »)
form a geometric progression with common ratio r, then r satis-
fies the equation

A rP+r+1=0 @B rr-r+1=0 Or*+r2-1=0
D)@ r+D*+r=0 B @E-D*+r=0

Let a be a positive number. Consider the set S of all points
whose rectangular coordinates (x, y) satisfy all of the following
conditions:

(i)§<x<2a (ii)§<y<2a (iii) x +y > a
V) x+azy My+azx
The boundary of set S is a polygon with

(A) 3 sides (B) 4 sides (C) 5 sides (D) 6 sides
(E) 7 sides
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In AABC, AB =10, AC = 8 and B
BC = 6. Circle P is the circle with
smallest radius which passes
through C and is tangent to AB. R
Let Q and R be the points of in-
tersection, distinct from C, of
circle P with sides AC and BC,
respectively. The length of segment
OR is c Q 4

(A)475 (B)48 (OS5 (D)42 ()33

There is more than one integer greater than 1 which, when divided
by any integer k such that 2 < k < 11, has a remainder of 1.
What is the difference between the two smallest such integers?

(A) 2310  (B) 2311 © 27,720 (D) 27,721
(E) none of these

If AA|A,A4, is equilateral and As
A, is the midpoint of line seg-

ment A,A4, , for all positive in-
tegers n, then the measure of 4
£ Ay AysAyy equals ¢ As

(A) 30°  (B) 45°  (C) 60°
(D) 90°  (E) 120°

A, A4 A,

Sides AB, BC,CD and DA, respectively, of convex quadrilateral
ABCD are extended past B,C, D and A to points B’,C’, D’
and A’. Also, AB= BB’ = 6, BC=CC’'=17,CD =DD’' =8
and D4 = A4’ = 9; and the area of ABCD is 10. The area of
A'BC'D’ is

(A)20 (B)40 (C)45 (D)50 (E) 60

In a tennis tournament, n women and 2rn men play, and each
player plays exactly one match with every other player. If there
are no ties and the ratio of the number of matches won by women
to the number of matches won by men is 7/5, then n equals

(A) 2 (B) 4 ©) 6 D) 7 (E) none of these
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1. If rectangle ABCD has area 72 square meters and E and G are
the midpoints of sides AD and CD, respectively, then the area of
rectangle DEFG in square meters is

A8 B9 (O 12 4 B

(D) 18 (B) 24 £ F
D G ¢
2. Flor alll non-zero real numbers x and y such that x — y = xy,
; - ; equals
1 1
(A)}; (B)x_y ©o0o ®M-1 @Ey-x

3. In the adjoining figure, ABCD is a square, ABE is an equilateral
triangle and point E is outside square ABCD. What is the mea-
sure of £ AED in degrees?

(A) 10 D 4

(B) 12.5

© 15 E
(D) 20

(E) 25 C B

4. For all real numbers x, x[x{x(2 — x)—4}+ 10]+ 1 =

A) —x*+2x3+4x?> + 10x + 1
(B) —x*—2x3+4x2 + 10x + 1
© —x*—2x3—4x>+10x + 1
(D) —x*—2x3—4x? - 10x + 1
(B) —x*+2x3—4x?+ 10x + 1

5. Find the sum of the digits of the largest even three digit number
(in base ten representation) which is not changed when its units
and hundreds digits are interchanged.

(A)2 B2 (24 (D25 (B2
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§+§+2+1_7+£+§
2 4 8 16 32 64

1 1 1 1
A) 7y (B) ~ T oo (D 6 (E) 7

-7 =

. The square of an integer is called a perfect square. If x is a perfect

square, the next larger perfect square is
A) x+1 (B) x2 +1 © x2+2x+1 (D) x? + x
B x+2/x +1

. Find the area of the smallest region bounded by the graphs of

y=|x| and x? + y? =4,

@wI ®E ©or OF ®

. The product of ¥4 and V8 equals

@A V2 ® 212 (©V3Z (D)V3Z (B)2V32

If P,P,P,P, PP is a regular hexagon whose apothem (distance
from the center to the midpoint of a side) is 2, and Q, is the
midpoint of side PP, , for i = 1,2,3,4, then the area of
quadrilateral Q,0,0,0, is

w6 ®2E ©

3 (D) 3V3  (E) 4/3

Find a positive integral solution to the equation

143+5+---+@2n—-1) _ 115
24+4+6+---+2n 116

(A) 110  (B) 115 © 116 (D) 231
(E) The equation has no positive integral solutions.
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In the adjoining figure, CD is the diameter of a semi-circle with
center O. Point A4 lies on the extension of DC past C; point E
lies on the semi-circle, and B is the point of intersection (distinct
from E) of line segment AE with the semi-circle. If length 4B
equals length OD, and the measure of £ EOD is 45°, then the
measure of £BAO is

(A) 10°  (B) 15°
(©) 20°  (D)25°
(E) 30° B

A 45°
c 0 D

E

The inequality y — x < Vx? is satisfied if and only if

(A) y <0 or y < 2x (or both inequalities hold)
(B) y > 0 or y < 2x (or both inequalities hold)
(C) y?<2xy (DM)y<0 (E)x>0andy<2x

In a certain sequence of numbers, the first number is 1, and, for
all n > 2, the product of the first » numbers in the sequence is
n2. The sum of the third and the fifth numbers in the sequence is

2 576
w2 ®x o% o ©®u

Two identical jars are filled with alcohol solutions, the ratio of the
volume of alcohol to the volume of water being p: 1 in one jar
and ¢:1 in the other jar. If the entire contents of the two jars are
mixed together, the ratio of the volume of alcohol to the volume of
water in the mixture is

2 2
W @ L o 2L

2 Pp+q p+q

2(p* + pq + q%) p+q+2pg

D) ® LA
3(p+q) prq+

A circle with area A, is contained in the interior of a larger circle
with area 4, + A,. If the radius of the larger circle is 3, and if
Ay, A,, A; + A, is an arithmetic progression, then the radius of
the smaller circle is

3 2 3
W3 ®1 ©O= O3 B
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Points A, B,C and D are distinct and lie, in the given order, on
a straight line. Line segments AB, AC and AD have lengths x, y
and z, respectively. If line segments 4B and CD may be rotated
about points B and C, respectively, so that points 4 and D
coincide, to form a triangle with positive area, then which of the
following three inequalities must be satisfied?

I x<5 *
II y<x+% / “\ \
m. y<3 A B c D

(A) I only (B) II only (C) 1 and II only
(D) Tand Il only  (E) I, I and 111

To the nearest thousandth, log,,2 is .301 and log,,3 is .477.
Which of the following is the best approximation of logs10?

11 12
w2 ®I oF of ®%

Find the sum of the squares of all real numbers satisfying the
equation

x2%6 — 25632 = 0.
(A)8 (B) 128 (C) 512 (D) 65536  (E) 2(256%)

If a=1 and (a + 1)(b + 1) =2, then the radian measure of
Arctan a + Arctan b equals

T T T T T
@5 @3 © 2 O3z ®¢

The length of the hypotenuse of a right triangle is A, and the
radius of the inscribed circle is . The ratio of the area of the
circle to the area of the triangle is

ar ar?

O me; O

mr wr
(A)h+2r (B)h+r
(E) none of these

Find the number of pairs (m, n) of integers which satisfy the
equation m® + 6m? + 5m = 2Tn* + 9% + 9n + 1.

Ao @®»1 © 3 D) 9 (E) infinitely many
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The edges of a regular tetrahedron with vertices 4, B, C and D
each have length one. Find the least possible distance between a
pair of points P and Q, where P is on edge AB and Q is on
edge CD.

@3 ® 3
2

©F ®F

® 2

Sides 4B, BC and CD of (simple’) quadrilateral ABCD have
lengths 4, 5 and 20, respectively. If vertex angles B and C are
obtuse and sinC = —cos B = 1, then side AD has length

(A)24 (B)245 (C)246 (D)248 (E) 25

If g,(x) and r, are the quotlent and remamder respectively,
when the polynomial x? is divided by x + %, and if ¢,(x) and
r, are the quotient and remainder, respectively, when ¢,(x) is
divided by x + 1, then r, equals

1

1
A 3% ® -1 ©O1 ©-16 (B)256

The function f satisfies the functional equation

f()+1(y)=fx+y)—xy -1

for every pair x, y of real numbers. If f(1) = 1, then the number
of integers n #+ 1 for which f(n) =n is

(A)0 @B 1 (2 (D)3 (E) infinite

An ordered pair (b, ¢) of integers, each of which has absolute
value less than or equal to five, is chosen at random, with each
such ordered pair having an equal likelihood of being chosen.
What is the probability that the equation x? + bx + ¢ = 0 will
not have distinct positive real roots?

106 108 110 112
(A) 121 ®) 71 © 1 (D) 1 (E) none of these

fA polygon is called “simple” if it is not self intersecting.
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Circles with centers A, B and C each have radius r, where
1 < r < 2. The distance between each pair of centersis 2. If B’ is
the point of intersection of circle 4 and circle C which is outside
circle B, and if C’ is the point of intérsection of circle 4 and
circle B which is outside circle C, then length B'C’ equals

(A) 3r—-2
(B) r? A

© r+ B3(r=1) B . ¢
D) 1+ 3(r2-1) ‘

(E) none of these c '

For each positive number x, let

<[
EURE

The minimum value of f(x) is
a1 ®m2 O3 M4 BE

f(x)=

In AABC, E is the midpoint of side BC and D is on side AC.
If the length of ACis 1 and £BAC = 60°, £ ABC = 100°,
£ACB = 20°and £DEC = 80°, then the area of AABC plus
twice the area of ACDE equals

1 V3 B
(A) ZCOS 10° (B) 3 100° E
(C) —cosd40° (D) 1 cos 50° 60° 80 200

00— | —

(B)
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1. The largest whole number such that seven times the number is less
than 100 is
A) 12 (B) 13 ©) 14 (D) 15 (E) 16

2. The degree of (x2 + 1)*(x® + 1)? as a polynomial in x is
As @B»7T ©12 @MI17T E 7N
. .2 . .
3. If the ratio of 2x —y to x+y 1is 3 what is the ratio of
x to y?

Wi ®F Ol O5 ®3
4. In the adjoining figure, CDE is an equilateral triangle and ABCD
and DEFG are squares. The measure of £GDA is
(A) 90° 4 ¢
(B) 105°
(C) 120°
(D) 135° B F
(E) 150°

5. If AB and CD are perpendicular diameters of circle Q, and
£QPC = 60°, then the length of PQ divided by the length of 40
is

B o c

2

) ® 2

V2

©%Z oy a4 Q\B
® 3 \J
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A positive number x satisfies the inequality Yx < 2x if and
only if

(A)x>% B)x>2 (C)x>4 (D)x<% (E) x < 4

. Sides AB, BC, CD and DA of convex quadrilateral ABCD have

lengths 3, 4, 12, and 13, respectively; and £CBA is a right angle.
The area of the quadrilateral is

(A) 32 (B) 36 12 4

© 39 (D)4 B

(E) 48 D 3
13 A

. How many pairs (a, b) of non-zero real numbers satisfy the

equation
1,
a+b

(A)none (B)1 ©) 2 (D) one pair for each b+ 0
(E) two pairs for each b + 0

A man walks x miles due west, turns 150° to his left and walks 3
miles in the new direction. If he finishes at a point y3 miles from
his starting point, then x is

@B B2 ©3F O3

(E) not uniquely determined by the given information

The number of teeth in three meshed circular gears A, B, C are
x, y, 2, respectively. (The teeth on all gears are the same size and
regularly spaced as in the figure.) The angular speeds, in revolu-
tions per minute, of 4, B, C are in the proportion

(A) x:y:z (B) z:y:x ©) y:z:x (D) yz:xz:xy
(E) xz:yx:zy
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If the sum of the first 10 terms and the sum of the first 100 terms
of a given arithmetic progression are 100 and 10, respectively, then
the sum of the first 110 terms is

(A)9 (B) -90 (C)110 (D) —110 (E) —100

The equations of L, and L, are y = mx and y = nx, respec-
tively. Suppose L, makes twice as large an angle with the hori-
zontal (measured counterclockwise from the positive x-axis) as
does L,, and that L, has 4 times the slope of L,. If L, is not
horizontal, then mn is

wZ ®»-2 ©2 -2

(E) not uniquely determined by the given information

A bug (of negligible size) starts at the origin on the co-ordinate
plane. First it moves 1 unit right to (1,0). Then it makes a 90°
turn counterclockwise and travels § a unit to (1,%). If it con-
tinues in this fashion, each time making a 90° turn counterclock-
wise and traveling half as far as in the previous move, to which of
the following points will it come closest?

w(33) ®(53) o3 o)
(E)(2 4)

If the function f defined by

f(x) = 2x + %13 * # — =, ¢ aconstant,
satisfies f(f(x)) = x for all real numbers x except — 3, then
cis

3 3
Aa-3 ®»-3 O3 D3

(E) not uniquely determined by the given information

A store prices an item in dollars and cents so that when 4% sales
tax is added no rounding is necessary because the result is exactly
n dollars, where n is a positive integer. The smallest value of » is

(A)1 ®B)13 ()25 (D)26 (E) 100
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Four of the eight vertices of a cube are vertices of a regular
tetrahedron. Find the ratio of the surface area of the cube to the
surface area of the tetrahedron.

(A) V2 (B) V3

©f; o=

Given that i> = —1, for how many integers n is (n + i)* an in-
teger?

(Aynone (B)1 (©O2 (D)3 (E)4

If b> 1, sinx >0, cosx > 0 and log,sin x = g, then
log,cos x equals

(A) 2log,(1 — b°*) B)V1-a> (C) b*
(D) % log,(1 — b**)  (E) none of these

Let C;, C, and C; be three parallel chords of a circle on the
same side of the center. The distance between C, and C, is the
same as the distance between C, and C;. The lengths of
the chords are 20, 16 and 8. The radius of the circle is

W1 ®47  © X 5“_ @) 222 5“_

(E) not uniquely determined by the given mformatwn

A box contains 2 pennies, 4 nickels and 6 dimes. Six coins are
drawn without replacement, with each coin having an equal
probability of being chosen. What is the probability that the value
of the coins drawn is at least 50 cents?

37 91 127 132
Aoz By Og Oy

(E) none of these
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In triangle ABC, £CBA = 72°, E is the midpoint of side AC,
and D is a point on side BC such that 2BD = DC;, AD and
BE intersect at F. The ratio of the area of ABDF to the area of
quadrilateral FDCE is

W5 B

©3 ™3

(E) none of these

For each real number x, let f(x) be the minimum of the num-
bers 4x + 1, x + 2, and —2x + 4. Then the maximum value of

f(x) is
1 1 2 5 8
W3 ®; ©F O3 ®;

Line segments drawn from the vertex opposite the hypotenuse of a
right triangle to the points trisecting the hypotenuse have lengths

. . w
sin x and cos x, where x is a real number such that 0 < x < 7
The length of the hypotenuse is

w: ® 0¥ 02

(E) not uniquely determined by the given information

For some real number r, the polynomial 8x> — 4x2 — 42x + 45
is divisible by (x — r)2. Which of the following numbers is closest
to r?

(A)122 (B) 132 (C)142 (D) 152 (E) 162

In the non-decreasing sequence of odd integers {a,, a5, d5,...} =
{1,3,3,3,5,5,5,5,5,... ) each positive odd integer k appears k
times. It is a fact that there are integers b, ¢ and d such that, for
all positive integers n,

a,,=b[Vn+c]+d,

where [x] denotes the largest integer not exceeding x. The sum
b+ ¢ + d equals

@ ®»1I ©2 M3 (B4



26.

27.

28.

29.

30.

PROBLEMS: 1980 EXAMINATION 51

Four balls of radius 1 are mutually tangent, three resting on the
floor and the fourth resting on the others. A tetrahedron, each of
whose edges has length s, is circumscribed around the balls. Then
s equals

A &2 B4 (©226 D 1+2/6 (E)2+2/6

3 3
The sum V5 + 2/13 + 5 — 2/13 equals

3 6
65 1 1
w3 @l oluB

(E) none of these

D) V2

The polynomial x2" + 1 + (x + 1)?* is not divisible by
x2+ x+ 1 if n equals

(A)17 (B)20 (C)21 (D)64 (E) 65

How many ordered triples (x, y, z) of integers satisfy the system
of equations below?

x2 = 3xy +2y? -z%2= 31,
-x? +6yz +222 = 44,
x4+ xy +8z% =100.

A0 @B1 (C)2 (D) afinite number greater than two
(E) infinitely many

A six digit number (base 10) is squarish if it satisfies the following
conditions:
(i) none of its digits is zero;
(ii) it is a perfect square; and
(iii) the first two digits, the middle two digits and the last two

digits of the number are all perfect squares when considered
as two digit numbers.

How many squarish numbers are there?
Ao ®2 ©3 M8 EHY
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If Vx +2 =2 then (x + 2)% equals
Avy2 ®2 (©4 (D)8 (B)16

. Point E is on side AB of square ABCD. If EB has length one

and EC has length two, then the area of the square is

A3 B D c
© 3 (D) 2V3 5
(E) 5

A ET1 B

1 1

. For x # 0, -):+——+L equals

2x 3x
1

1 1 5 11
A3 B Ofg O 6 o

. If three times the larger of two numbers is four times the smaller

and the difference between the numbers is 8, then the larger of
the two numbers is

(A)16 (B)24 (C)32 (D)4 (B)>52

. In trapezoid ABCD, sides AB and CD are parallel, and diago-

nal BD and side AD have equal length. If £DCB = 110° and
£CBD = 30°, then £ADB =

(A) 80°  (B) 90° D C

110°
(C) 100° (D) 110° ? \

30
(E) 120°
\
A B
2 -

I X =y+2y l,thenxequals

x=1 y242y-2

(A)y*+2y—-1 @B y*+2y—-2 (Oy*+2y+2
D)y +2y+1 (B) —y?—-2y+1
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. How many of the first one hundred positive integers are divisible

by all of the numbers 2, 3, 4, 5?7
Ao ®»1 ©2 O3 (B4

. For all positive numbers x, y, z, the product

(x+y+2)""(x "+y "+ D(xp+ yz+ z2x) l[(xy)—l+(yz)'l+(zx)_l]

equals
A) x™ %7272 B)x?+y?+z2 CO(x+y+z)?
1 1

(D) Ez‘ (E) xy +yz+ zx

. In the adjoining figure, PQ is a Qo
diagonal of the cube. If PQ has d
length g, then the surface area of !
the cube is :
(A) 242 (B) 2y2 a? E

e fa-— -
(©) 2¥3a®> (D) 3/34®
(E) 6a® N
P

The lines L and K are symmetric to each other with respect to
the line y = x. If the equation of line L is y = ax + b with
a + 0 and b # 0, then the equation of K is y =

1 1 1 b
(A) Zx+b (B) —;x+b (C) —;x—;
1 b 1 b
(D) ;x-*-; (E) ;x—z

The three sides of a right triangle have integral lengths which form
an arithmetic progression. One of the sides could have length

(A)22 (B)58 (O 81 (D) 91 (E) 361
If p,q and M are positive numbers and g < 100, then the num-

ber obtained by increasing M by p% and decreasing the result
by ¢% exceeds M if and only if

q q
Wr>q ®r>yp—, ©Or>7
100¢q 100¢q
D) p> 100 + g (B)p> 100 - ¢
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Suppose that at the end of any year, a unit of money has lost 10%
of the value it had at the beginning of that year. Find the smallest
integer n such that after n years the unit of money will have lost
at least 90% of its value. (To the nearest thousandth log,,3 is
AT77)

(A)14 (B)16 (C)18 (D)20 (E) 22

In a geometric sequence of real numbers, the sum of the first two
terms is 7, and the sum of the first six terms is 91. The sum of
the first four terms is

(A)28 (B)32 (C)35 (D)49 (E) 84

fb>1, x>0 and (2x)" %2 — (3x)83 =0, then x is

Wi ®f ©1 D6

(E) not uniquely determined

The base three representation of x is
12112211122211112222.
The first digit (on the left) of the base nine representation of x is

@1 ®2 ©3 O»®4 GBS

The function f is not defined for x = 0, but, for all non-zero real
numbers x,

f(x)+ 2f(i) = 3x. The equation f(x) = f(—x) is satisfied by

(A) exactly one real number

(B) exactly two real numbers

(C) no real numbers

(D) infinitely many, but not all, non-zero real numbers
(E) all non-zero real numbers

The number of real solutions to the equation
x .
m =Ssinx
is
(A) 61 (B) 62 (©) 63 (D)64 (E) 65
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19. In AABC, M is the midpoint of side BC, AN bisects £ BAC,
BN 1 AN and @ is the measure of £ BAC. If sides AB and AC
have lengths 14 and 19, respectively, then length MN equals

5
@2 ® 3
5 A
© 2~ sin 8 &> 79
s_ 1. N
(D) 2 2s1n0 B c
5 1./(6
(E) 2~ Esm(i)

20. A ray of light originates from point 4 and travels in a plane,
being reflected n times between lines AD and CD, before strik-
ing a point B (which may be on AD or CD) perpendicularly
and retracing its path to 4. (At each point of reflection the light
makes two equal angles as indicated in the adjoining figure. The
figure shows the light path for n = 3.) If £CDA = 8°, what is
the largest value n can have?

A6 (B 10 . (C) 38 (D) 98
(E) There is no largest value.

C

R; B

21. In a triangle with sides of lengths a, b and c,
(a+ b+ c)a+ b—c)=3ab.
The measure of the angle opposite the side of length ¢ is
(A) 15° (B) 30° (C) 45° (D) 60° (E) 150°
22. How many lines in a three-dimensional rectangular coordinate

system pass through four distinct points of the form (i, j, k),
where i, j and k are positive integers not exceeding four?

(AY60 (B)64 (C)72 (D)76 (E) 100
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Equilateral A4ABC is inscribed in a circle. A second circle is
tangent internally to the circumcircle at 7 and tangent to sides
AB and AC atpoints P and Q. If side BC has length 12, then
segment PQ has length
(A) 6

(B) 6/3

©) 8

(D) 8/3

(E) 9

1
If # is a constant such that 0 <@ <7 and x + o 2cos 8,
1
then for each positive integer n, x" + por equals

(A) 2cos @ (B) 2"cos § (C) 2cos"d
(D) 2cosnf (E) 2"cos"d

In triangle ABC in the adjoining figure, AD and AE trisect
£BAC. The lengths of BD, DE and EC are 2, 3, and 6, re-
spectively. The length of the shortest side of A ABC is

(A) 2V10
(B) 11
(©) 6/6
D)6

(E) not uniquely determined
by the given information

A

Alice, Bob and Carol repeatedly take turns tossing a die. Alice
begins; Bob always follows Alice; Carol always follows Bob; and
Alice always follows Carol. Find the probability that Carol will be
the first one to toss a six. (The probability of obtaining a six on
any toss is ¢, independent of the outcome of any other toss.)

1 2 5 25 36
w3 ®3 ©Of O35 G
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In the adjoining figure triangle ABC is inscribed in a circle. Point
D lieson AC with DC = 30°, and point G lies on BA
with BG > GA. Side AB and side AC each have length equal to
the length of chord DG, and £CAB = 30°. Chord DG inter-
sects sides AC and AB at E and F, respectively. The ratio of
the area of A AFE to the area of AABC is

W 1E @ W33
© W3 -12 (D)33 -5
® 223

Consider the set of all equations x> + a,x*> + a;x + a4 =0,
where a,, a,, a, are real constants and |g;| <2 for i=0,1,2.
Let r be the largest positive real number which satisfies at least
one of these equations. Then

©)2«gr<

N| W

(A)1<r<% (B)%<r<

NI O

(D)%<r<3 (B)3gr<

If a > 1, then the sum of the real solutions of
a—va+x =x
is equal to
-1
A)va -1 (B) ‘/52 (C) Va—1
va-—1 Vda—3 -1
D= &

If a, b, c,d are the solutions of the equation x* — bx — 3 =0,
then an equation whose solutions are

at+b+c a+b+d a+c+d b+c+d
d? ’ 2 ’ b2 ’ )

is
(A) 3x*+bx+1=0 B)3x*—bx+1=0

©C)x*+bx>—1=0 [D)3x*-bx*-1=0
(E) none of these
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. When the polynomial x* — 2 is divided by the polynomial

x2 — 2, the remainder is
(A)2 B) =2 (C) =2x—2 (D)2x+2 (E) 2x -2

. If a number eight times as large as x is increased by two, then

one fourth of the result equals

(A)2x+% (B)x+% (©2x+2 (D)2x+4

(E) 2x + 16

. Evaluate (x*)*" at x = 2.

(A)16 (B) 64 (C)256 (D) 1024  (E) 65,536

. The perimeter of a semicircular region, measured in centimeters, is

numerically equal to its area, measured in square centimeters. The
radius of the semicircle, measured in centimeters, is

@Wr B2 ©1 Oz ®2+2

. Two positive numbers x and y are in the ratio a: b, where 0 <

a <b. If x+ y=c, then the smaller of x and y is

ac (D) b

bc — ac C
a+b a+b

w5 ® =5 ©

(E) ba—ca

. The sum of all but one of the interior angles of a convex polygon

equals 2570°. The remaining angle is
(A) 90° (B) 105° (©) 120° (D) 130° (E) 144°

. If the operation x#* y is defined by x* y=(x+ D(y + D -1,

then which one of the following is false?

(A) x* y=y=x for all real x and y.

(B) x*(y+z)=(x#*y)+ (x=*2z) forall real x, y, and z.
©) (x—D*(x+1)=(x*x)—1 for all real x.
(D) x *0 = x for all real x.

(E) x*(y#*z)= (x*y)*z for all real x, y, and z.
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By definition r! =r(r—1)--- 1 and
(j) - S
k] kW(j- k)’
. S . n\ (n\ (n
where r, j, k are positive integers and k <. If (1),‘32),( 3)
form an arithmetic progression with n > 3, then n equals
Aas ®m7 ©9 OI11 (B) 12

. A vertical line divides the triangle with vertices (0,0), (1,1) and

(9,1) in the xy-plane into two regions of equal area. The equation
of the line is x =

(A)25 (B)30 (C)35 (D)40 (E) 45

In the adjoining diagram, BO bisects £CBA, CO bisects £ ACB,
and MN is parallel to BC. If AB=12, BC=24, and AC=18,
then the perimeter of A AMN is

(A) 30 (B) 33 A

(C) 36 (D) 39 /\
(E) 42 M o N

How many integers with four different digits are there between
1,000 and 9,999 such that the absolute value of the difference
between the first digit and the last digit is 2?

(A) 672 (B) 784 (C) 840 (D) 896  (E) 1,008

Let f(x) = ax” + bx® + ¢x — 5, where @, b and ¢ are con-
stants. If f(—7) =7, then f(7) equals

A) - 17 (B) -7 O 14 (D21
(E) not uniquely determined

log, (log,a)
log,a

Al ® b (C) log, b (D) log,a (E) ag'oaes

Ifa>1,b>1and p= , then a? equals
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In the adjoining figure, points B and C lie on line segment AD,
and 4B, BC and CD are diameters of circles O, N and P, re-
spectively. Circles O, N and P all have radius 15, and the line
AG is tangent to circle P at G. If AG intersects circle N at
points E and F, then chord EF has length

(A)20 (B) 15/2
(© 24 (D25
(E) none of these G

Let [z] denote the greatest integer not exceeding z. Let x and y
satisfy the simultaneous equations

y=2|x] +3
y=3[x-2] +5.
If x is not an integer, then x + y is

(A) an integer (B) between 4 and 5
(C) between —4 and 4 (D) between 15 and 16
(E) 16.5

In the adjoining figure, a wooden cube has edges of length 3
meters. Square holes of side one meter, centered in each face, are
cut through to the opposite face. The edges of the holes are
parallel to the edges of the cube. The entire surface area including
the inside, in square meters, is

(A) 54 (B) T2
(C) 76 (D) 84 —y

(E) 86 g
-

How many real numbers x satisfy the equation
32x+2 — 3x+3 —3¥4+3=079

@ ®»1I ©2 M3 (B4
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18. In the adjoining figure of a rectangular solid, £ DHG = 45° and
£FHB = 60°. Find the cosine of £ BHD.

2 —_
wE e © @ (D) @ (B) @
A
D |
Cc' B
E,
@\
60°
H F

19. Let f(x)=|x—2/+|x — 4 — 2x — 6|, for 2 < x < 8. The sum
of the largest and smallest values of f(x) is

(A)1 B2 (C)4 (D)6 (E) none of these

20. The number of pairs of positive integers (x, y) which satisfy the
equation x? + y2 = x3 is

(A) 0 B 1 ©) 2 (D) notfinite  (E) none of these

21. In the adjoining figure, the triangle ABC is a right triangle with
£BCA = 90°. Median CM is perpendicular to median BN, and
side BC = 5. The length of BN is

A) 2  (B) %sﬁ ©7 L ® #

2

C
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In a narrow alley of width w a ladder of length a is placed with
its foot at a point P between the walls. Resting against one wall
at Q, a distance k above the ground, the ladder makes a 45°
angle with the ground. Resting against the other wall at R, a
distance h above the ground, the ladder makes a 75° angle with
the ground. The width w is equal to

Wa B RQ
©k @ik
(E) h

The lengths of the sides of a triangle are consecutive integers, and
the largest angle is twice the smallest angle. The cosine of the
smallest angle is

(A) % (B) 1—70 © % (D) 1—94 (E) none of these

In the adjoining figure, the circle meets the sides of an equilateral
triangle at six points. If 4G =2, GF =13, FC=1 and HJ =17,
then DE equals

(A) 222 (B) V3
© 9 (D) 10
(B) 13

The adjoining figure is a map of part of a city: the small
rectangles are blocks and the spaces in between are streets. Each
morning a student walks from intersection 4 to intersection B,
always walking along streets shown, always going east or south.
For variety, at each intersection where he has a choice, he chooses
with probability 1 (independent of all other choices) whether to
go east or south. Find the probability that, on any given morning,
he walks through intersection C.
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BN 110 VT

If the base 8 representation of a perfect square is ab3c, where
a+0, then ¢ is

A)O® @®1 ()3 (D)4 (E) notuniquely determined

Suppose z = a + bi is a solution of the polynomial equation
cazt +icyz® + ezt +iciz + ¢y = 0,

where ¢, ¢|, ¢;, €3, ¢4, @ and b are real constants and i2 = —1.
Which one of the following must also be a solution?

(A) —a—-bi B)a—-bi (C)—a+bi (D)b+ai
(E) none of these

A set of consecutive positive integers beginning with 1 is written
on a blackboard. One number is erased. The average (arithmetic
mean) of the remaining numbers is 35 ;. What number was
erased?

A6 (B)7 ()8 (D)9 (E) cannot be determined
Let x,y and z be three positive real numbers whose sum is 1. If
no one of these numbers is more than twice any other, then the
minimum possible value of the product xyz is

1 1 4 1
(A) n (B) 36 © 15 (D) 17 (E) none of these
Find the units digit in the decimal expansion of

(15 + v220)" + (15 + v220)™.

Ao (B) 2 5 D)9 (E) none of these
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Solutions’

1973 Solutions
Part 1

1. (D) Let O denote the center of the circle, and let OR and AB
be the radius and the chord

which are perpendicular bisec- A
tors of each other at M.
Applying the Pythagorean .
theorem to right triangle R
OMA yields v
(aM)’ = (04)’ — (oM)’

= 122 6% = 108, B

AM = 6/3.

Thus the required chord has length 123

2. (C) The unpainted cubes form the 8 X 8 X 8 cube of interior
cubes. Therefore, 10° — 8 = 488 cubes have at least one face
painted.

tThe letter following the problem number refers to the correct choice of the five listed in
the examination

67
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3. (B)

4. (D)

5. (D)

6. (C)

THE MAA PROBLEM BOOK IV

Thirteen is the smallest prime p such that 126 — p is also
prime. Thus the largest difference is 113 — 13 = 100.

In the adjoining figure MV is
an altitude of AABV. Since v
AAMYV is a 30° — 60° — 90° ,
triangle, MV has length 2V3. h:
The required area is, therefore, !

area aABV = L(4BYMV) A4 =M B
=1 =

= 1(12)2/3 = 12/3.

Let a* b denote the average, 3(a + b), of a and b. Then
11 a*b=13(a+b)=3b+a)=b*a,
and
IV a+ (brc)=a+3(b+c)=3(a+b+a+c)
=(a+b)*(a+c),
but
I (a*b)rc=3[3(a+b)+c]=ta+ ib+ dc,
while
ax(brc)=1[a+i(b+c)] =1a+ 1b+ e

and
I a*(b+c)=1%a+b+c),
while

(a*b)+ (a*c)=3(a+b)+3(a+c)Fax(b+c).

To see that V is false, suppose that e * ¢ = g for some e
and all 4a. Then 4(e + a) = a, so e = a. Clearly this can-
not hold for more than one value of a. Thus only II and IV
are true.
Let b > 5 be the base. Since (24,)? = (2b + 4) =

4b% + 16b + 16 and 554, = 5b* + 5b + 4, it follows that
5b%* + 5b + 4 = 4b* + 16b + 16,

b= 11b— 12 =(b+ 1)(b - 12) = 0,
b=—1orb=12.
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7. (A) The numbers to be added form an arithmetic progression

8. (E)

with first term g = 51, last term / = 341 and common dif-
ference d = 10. We use the formula /=a+ (n—1)d to
determine the number n of terms to be summed and S
= In(a + 1) to find their sum. Thus 341 = 51 + (n — 1)10
yields n = 30, so S = 15(392) = 5880.

The number of pints P of paint needed is proportional to the
surface area (hence to the square of the height ) of a statue
and also to the number n of statues to be painted. Thus
P = knh?; substituting n =1, h =6 and P =1 into this
equation, we obtain the constant of proportionality k = 1/36,
so that

1

— 12
36nh.

Now when n = 540 and h = 1, P = (1/36)(540)(12) = 15.

9. (E) Right triangles CHM and

10. (A)

CHB are congruent since their C

angles at C are equal. There-

fore the base MH of ACMH

is £ of the base AB of

AABC, while their altitudes

are equal. Hence the area of 4 M H B
AABC is 4K.

If n + — 1, then elementary operations on the system yield
the solution x = y=z=1/(n+ 1). If n = —1, adding the
three equations yields 0 = 3, which shows the system of
equations has no solution.

OR

We use the theorem: A system of three linear equations in
three unknowns has a unique solution if and only if the
determinant of its coefficient matrix does not vanish. In our
example, this determinant is

n 1 O
D=0 n 1|{=nr*+1
1 0 n

The only real value of n for which D vanishes is —1. We
saw above that the system has no solution in this case.
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Part 2

11. (B) The given inequalities are represented geometrically as
{the set of points (x, y) such that 2 max(|x],|y|) < a)

c {the set of points (x, y) such that y2(x? + y?) < a}
C {the set of points (x, y) such that |x| + |y| < a).
If the side length of the inner square in the figures is denoted
by a, then the three sets in the above inclusions are the sets

of points inside (or on) the inscribed square, the circle, and
the circumscribed square, respectively, in Figure II.

12. (D) Let m and n denote the number of doctors and lawyers,
respectively. Then

35m + 50n
m+n

so 40(m + n) = 35m + 50n, 5m = 10n, and

=40,

2|3

=2

13. (D) The square of the given fraction is
42+ 2/12 +6) _ 4(8+4V3) _ 16(2+v3) _ 16

9(2+V3)  2+V3) 9(2+v3) 9
Hence the fraction is equal to \/ % %

OR

Multiplying top and bottom of the given fraction by y2, we
get

2(/2 +V6) _ 22+V12) _ 4(1 +V3)
32+ V3 Wa+2/3 31+ /3)

_4
3

14. (C) Let x, y and z denote the number of tankfuls of water de-
livered by valves A, B and C, respectively, in one hour. Then

1. to=1
150 Y7772
Subtracting the sum of the last two equations from twice the

first yields x + y = 2, so that §(x + y) = | tankful will be
delivered by valves A and Bin § = 1.2 hours.

x+y+z=1; x+z=



15. (D)
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The center of the circle which
circumscribes sector POQ is at C,
the intersection of the perpendicular S
bisectors SC and RC. Considering 6,2 ‘&
0
3

AORC, we see that 0
0 C 8
o 0
secy =3 or 0C—3sec§.

Note: All the answers except (D) can be eliminated by consider-

16. (B)

17. (E)

ing the limiting case § = w/2. For in this case (A) is 0, (B)
is infinite, (C) is less than 3, and (E) is 3; all absurd.

Let n denote the number of sides of the given convex poly-
gon and x the number of degrees in the excepted angle. Then
180(n — 2) = 2190 + x, so that

2190 X

n=2= " 180

Since the polygon is convex, 0 < x < 180; it follows that

210 ., _ 219
180 - " 180

ie 121 <n—2< 13} Since n is an integer, this forces
n — 2 = 13, so n = 15. (Incidentally, (13)(180) = 2340 =
2190 + 150, so the excepted angle has measure 150°.)

+1,

Using the formula for the cosine of twice the angle 16, we
have
cos0—cos2(2)—1 2s1n2—1 2 T e

[Note that since 0 < 8 < 90°, 0 < % <1, so x> 1] Now

1
cos

-1=x%-1,

tan?0 = sec?f — 1 = 5
/)
$O

tand = Vx2 -1,
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18. (C) Since the factors p — 1 and p + 1 of p? — 1 are consecu-
tive even integers, both are divisible by 2 and one of them by
4, so that their product is divisible by 8. Again (p — 1), p
and (p + 1) are three consecutive integers, so that one of
them (but not the prime p) is divisible by 3. Therefore the
product (p — 1)(p + 1) = p? — 1 is always divisible by both

3 and 8, and hence by 24.
19. (D) 724! =72 X 64 X 56 X 48 X 40 X 32 X 24 X 16 X 8
= 8% X (9,

I8 X 16 X 14 X 12X 10 X 8 X 6 X 4 X2
2% X (9.

The quotient (724')/(18,!) = 8°/2° = 4°.

18,!

20. (C) In the adjoining figure, S denotes an D
arbitrary point on the stream SE, and

C, H and D denote the position of 4 S
the cowboy, his cabin and the point 8

miles north of C, respectively. The 4
distance CS + SH equals the distance

DS + SH, which is least when DSH 7
is a straight line, and then

CSH = DSH = /8% + 157 8

= y289 = 17 miles.

Part 3

21. (B) The number of consecutive integers in a set is either odd or
even. If odd, let their number be 2n + 1 and their average be
x, the middle integer. Then (2n + Dx = 100 and x =
100/(2n + 1), sothat 2rn + 1 canonly be 5 or 25. If 2n + 1
= 5, then x = 20 and n = 2, so that the integers are
18,19,20,21,22. If 2n + 1 =25, x = 4 and n = 12, which

is impossible because the integers must be positive.

If the number of consecutive integers is an even number
2n, let the average of the integers (half way between the
middle pair) be denoted by x. Then 2nx = 100, x = 50/n.
Since x is a half integer, 2x = 100/n is an integer, but x =
50/n is not an integer, so that n is 4, 20 or 100. For n = 4,
x = 124 and the integers are 9 through 16; n = 20 and 100
are impossible since the integers are positive. Hence there are

exactly two sets of positive integers whose sum is 100.
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22. (A) Interpreting |[x — 1|+ |x + 2| as

—

[ L

4 ' ]
1 I

Il
I T | T

d L
T T
x
-3 =2 -1 0 1 2 3
the sum of the distances from x to 1 and from x to — 2, we
see that this sumis 3if =2 <x<1and 34+ 2uif xis a
distance u from the interval from —2 to 1. Thus, the solution
setis {(x: —3<x <2}

23. (D) Let the sides of the first card (both red) be numbered 1 and 2.

Let the red and blue sides of the second card be numbered 3
and 4, respectively. On the draw any of the sides 1, 2 or 3 has
equal likelihood of being face up on the table. Of these three,
two undersides are red and one blue, so that the probability of
a red underside is 2 /3.

24. (D) Let s, ¢ and p denote the cost in dollars of one sandwich,

25. (E)

one cup of coffee and one piece of pie, respectively. Then
3s + Tc + p = 3.15 and 45 + 10c + p = 4.20. Subtracting
twice the second of these equations from three times the first
yields s + ¢ + p = 1.05 so that $1.05 is the required cost.

Let O denote the center of the

plot and M the midpoint of the M
side of the walk not passing =
through O. If AB denotes one [
arc connecting opposite sides of
the walk, then OMBA consists
of the 30° sector O4AB and the
30° — 60° — 90° triangle OMB.
Thus the area of the walk is

~

M B
6 : 6.
30°7~ o ~{30° y
o

2[1—127r62 + %(3)35] = 67 + 93,

and the required area is
762 — (67 + 93 ) = 307 — 9/3.



74 THE MAA PROBLEM BOOK IV

26. (E) Let d and 2n denote the common difference and the even
number of terms. Let S, and S, denote the sums of all n
odd- and all n even-numbered terms respectively; then S, —
S, = nd since each even-numbered term exceeds its odd-num-
bered predecessor by d. Moreover the last term clearly ex-
ceeds the first by (2n — 1)d. Hence in the present case we
have

nd=30-24=6 and (2n — 1)d = 10.5.
Therefore d = 2nd — 10.5 =12 — 10.5=1.5, and
n=6/15=4, so 2n=28.

Note: We note that in solving this problem we did not need to
know the values of S, and S,, but only their difference
S, - S,

27. (A) Let s denote the distance. The total time ¢ that car A travels
is

f= =~ + 2
2u  2v
and the average speed is
s _ s _ 2uv
t 5 .5 u+v
2u 2v

For car B, the average speed is clearly 3(u + v) = y. Now
0<(u—-10)% 2uv<u*+0v% 4uvo<(u+0)%; and di-
viding both sides of the last inequality by 2(u + v) yields

2uv < u+ov
u+v = 2

Note I: The solution (A) can also be obtained without any
calculation, since car A clearly spends more than half the time
driving at the slower of the two speeds u and v.

Note 2: Observe that car A’s average speed x is the reciprocal of
the average of the reciprocals of ¥ and v; this is called the
harmonic mean (H.M.) of u and v:

1
H.M.(u,0) = — - 2w

_(l+l) u+o’
2\u v

The calculations above show that the harmonic mean of two
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positive numbers never exceeds their arithmetic mean. For
comparisons of the harmonic, geometric and arithmetic means
of two positive numbers, see An Introduction to Inequalities by
E. Beckenbach and R. Bellman, NML vol. 3, Exercise 4 on p.
62 and its solution on p. 120.

28. (C) Let r > 1 denote the common ratio in the geometric progres-
sion a, b, ¢:

b=ar; log,b=1log,a+ log,r
¢ = ar?; log,c = log,a + 2log,r,

so that log,a,log,b,log,c is an arithmetic progression. Now

it follows from the identityt log v = , that the recipro-

log ,u

v

cals of log,n, log,n, log n form an arithmetic progression.

29. (A) The boys meet for the first time when the faster has covered
9/14 and the slower 5 /14 of the track. They meet for the nth
time after the faster has travelled (9/14)n laps and the slower
(5/14)n laps. Both of these are first whole numbers of laps
when n = 14; there are thirteen meetings, excluding the start
and finish.

30. (B) For any fixed t > 0, 0 < T < 1. Hence S, the interior of
the circle with center (7,0) and radius 7, has an area be-
tween 0 and 7.

Part 4

31. (C) Theinteger TTT = T(111)= T - 3 - 37, with T equal to the
final digit of E2. Now 37 must divide one of ME and YE,
say ME. Therefore ME = 37 or 74. The latter possibility is
ruled out since it would imply (ME) - (YE)> 7414 =
1036, while clearly T7TT < 999. Thus ME = 37, T =9,

TTT 999
and YE—W—:)’—7—27.

*See footnote on p. 82.
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32. (A)

33. (C)

34. (C)

THE MAA PROBLEM BOOK IV

The volume of a pyramid is
equal to one third the area of
the base times the altitude. The i
base of the given pyramid is
an equilateral triangle with
sides of length 6; hence it has
area 9v3. Altitude h of the
given pyramid may be found
by applying the Pythagorean
theorem to right AABC in the
adjoining diagram. Here B is the center of the base, so that
AB = 3(3V3) = 2/3, h* = (/15)* — (2/3)% and h = 3.
Therefore, the volume of the pyramid is %(9»5 XV3)=29.

[}

Let x and y denote the number of ounces of water and of
acid, respectively, in the original solution. After the addition
of one ounce of water, there are y ounces of acid and
x + y + 1 ounces of solution; after adding one ounce of acid,
there are y + 1 ounces of acid and x + y + 2 ounces of
solution. Therefore,

y 1 y+1 1

x+y+1 5 ™M T+ 273

Solving these equations yields x = 3 and y = 1, from which
it follows that the original solution contained

y __1 _ .
X+ 311 25% acid.

Let d, v and w denote the distance between the towns, the
speed against the wind and the speed with the wind, respec-
tively; then the plane’s speed in still air is $(v + w). We are
given that

a 2 4. 1

- =84 d that 2 = — -9,
0 mdthat @ 5 w0

Set x = d/w, the required return time. Then by (2),

2 2
_+2—9——-—l+i—9.
d d x 84

Simplifying, we obtain x? — 75x + 756 = 0. The solutions
of this equation are x = 63 and x = 12,

*X=%
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35. (E) We shall show that I, II, and III are all true by giving
geometric arguments for I and II and then showing algebrai-
cally that III is a consequence of I and II.

In the adjoining fig-
ure, chords QN and
KM have length s. The
five equal chords of
length s in the semicircle
with diameter KR sub-
tend central angles of
180° /5 = 36° each. The
five isosceles triangles,
each with base s and
opposite vertex at the
center O, have base an-
gles of measure

1(180° — 36°) = 72°.

Now rotate the entire configuration clockwise through 72°
about O. Then chord PQ, parallel to diameter KR, goes in-
to chord NR, parallel to diameter PL. Denote by T the in-
tersection of MN and PL. In parallelogram ORNT, TN =
OR =1, and TO = NR =s. We saw that {MPO = 72°;
now £ MTP = 72° also, because MT||KO. So aAPMT is
isosceles with MT = MP = 5. Therefore d = MT + TN
=5+ 1, so

I d—s=1.

The segments PT, TL and MT, TN of intersecting chords
MN and PL satisfy (PTYTL) = (MT)TN). Since
PT=0P—-0T=1-s,and TL=OL+OT =1 + s, this
equation takes the form

(I-s)1+s)=s-1 or 1—-52=5,
Multiplying equation (I) by s, we get ds — s = s, so
11 ds=s>+s=1.

The equation s> + s =1 is equivalent to s> +s—1=0,
whose positive root is s = $(¥S — 1). Therefore

V5
2

1
d=s+1= +5,

and
I d*—s*=(d+s)(d-s)=d+s=15.
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OR

Each chord of length s subtends an angle 36° at the center
O, and MN of length d subtends an angle 3 - 36° = 108°.
Therefore

s =2sin18° and d = 2sin54°.
It follows from this and trigonometric identities that
d = 25in54° = 2¢0s 36° = 2(1 — 25in’18°) = 2 — 52
and
s =2sin18° = 2c0s72° = 2(cos?36° — 1) = d* — 2.

Adding d =2 — s?> and s = d®> — 2, we obtain d + 5 =
d?—s?=(d+ s)d—s), sothat I.d — s = 1. Substituting
s+ 1fordind=2-3s2 we find that s2+s—1=0,
which has one positive root, s = (V5 — 1). Then

V5 + 1

5> ds=1, d+s=V5

d=s+1=

and



1. (D)

2. (B)

3. (A)

4. (D)

5. (B)
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1974 Solutions

Multiplying both sides of the given equation by the least
common denominator 2xy yields 4y + 6x = xy or, equiva-
lently, 4y = xy — 6x. Factoring x from the right side of the
last equation gives 4y = x(y — 6). Since y # 6 we can di-
vide both sides of this equation by y — 6 to obtain (D).

Since x, and x, are the two roots of the quadratic equation

3x2 — hx — b = 0, the sum of the roots is 3

The coefficient of x7 in (1 + 2x — x2)* is the coefficient of
the sum of four identical terms 2x(—x2)?, which sum is
—8x7.

By the remainder theorem x°' + 51 divided by x + 1 leaves
a remainder of (—1)* + 51 = 50. This can also be seen
quite easily by long division.

£EBC = £ADC since both angles are supplements of
£ABC. Note the fact that £ BAD = 92° is not needed in the
solution of the problem.

6.(D)x‘y= Xy —_yx_=y‘x

X+y y+x

and
xyz
x x + xyz
(x*y)rz= Y .y = > - 2 .
xX+y xy +z xy + xz +yz
x+y
xyz (3
S C—
Xy + xz + yz
mutative and associative.

Similarly x *(y*z) = +” is both com-

Note: The result can also be derived from the identity

1 1 1

x*y x y
Commutativity and associativity of * now follows from the
fact that they hold for +.
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7. (D)

8. (A)
9. (B)

10. (B)

11. (A)

THE MAA PROBLEM BOOK IV

If x is the original population, then
x + 1,200 — 0.11(x + 1,200) = x — 32.
Solving for x gives (D).

Since 3!'! and 5! are both odd, their sum is even.
All multiples of 8, including 1,000, fall in the second column.

Putting the quadratic in its standard form:
Qk-1)x2-8x+6=0,

we see that the discriminant D is 64 — 42k — 1)6 =
88 — 48k = 8(11 — 6k). A quadratic equation has no real
roots if and only if its discriminant is negative. D is negative
if 11 — 6k <0, that is, when k > 11/6; the smallest in-
tegral value of k for which the equation has no real roots is
2.

Since (a, b) and (c, d) are on the same line, y = mx + k,
they satisfy the same equation. Therefore,

b=ma+ k d=mc+ k.
Now the distance between (a, b) and (c, d) is

\/(a—c)2+ (b—d).

From the first two equations we obtain (b — d) = m(a — ¢),
so that

\/(a —c)+(b-d) = \/(a —c) +m*(a—-c)
= la—c|V] + m?.

Note we are using the fact that Va2 = |x| for all real x.

OR
Let 8 be the angle between the line and the x-axis; then
—d)? (¢, d)
(1an0) = m2 = L=V :
(a-c) 1b—d|
s (a,b) g

la = ¢

(b—d) =m*(a-c),
and the square of the desired distance is
(a—c)+(b-dy¥ =(a-c) +m*(a—c)
= (a-c)*(1 + m?).



12. (B)

13. (D)

14. (A)

15. (B)

16. (A)
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Since g(x) = 1/2 is satisfied by x = fV—Z,
172 =7(8(y172)) = 1.
OR

Since g(x) =1 — x% for x + 0, we have x2 = 1 — g(x)
for x + 0; so

Lo o 80 p(g(x) forx 40,

x? 1 - g(x)
and
1
f3) = T—i—; =1
2
Statement (D) is the contrapositive of the given one and the

only one of the statements (A) through (E) equivalent to the
given statement.

Since x2>0 for all x#+0, x2> 0> x is true if x < 0.
Counterexamples to the other statements are easy to con-
struct.

By definition |a| ={ a when a >0 . If x < =2, then
—a when a <0

l+x<0 and |1+ x|=—-(1+x) and |1 - |1 + x|]|

=|1+1+x|=|2+x|. Againif x < —2,then2 + x <0

and [2 + x| = -2 —x.

In the adjoining figure, A4BC is A
a right isosceles triangle, with
£BAC = 90° and AB = AC, 4
inscribed in a circle with center 0’
O and radius R. The line seg-
ment A0 has length R and bi- B 0 c
sects line segment BC and

£BAC. A circle with center O’

lying on 40 and radius r is in-

scribed in AABC. The sides 4B

and AC are tangent to the inscribed circle with points of
tangency T and T, respectively. Since AATO’ has angles
45° — 45° — 90° and O'T=r, we have AT = r and 0’4
=R-r=nr/2. Hence R=r+nr/2 and R/r=1+ /2.
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17. (C) Since i2= —1,(1 +i)? =2i and (1 — i) = —2i. Writing
A+ = (=) =(1+0)° = (-

we have
1+ -(1-0)"=@2)°-(-2i))"=0.
OR
Observe that i(1 —i)=i—i?=1+i,and i*=(-1)?=1.
Therefore
1+ === -i),
and

Q+)*"-QQ-0)"=0 for n=1,2,3,....
OR

(1 + i) = v2™[cos 900° + i5in900°] = — 1024,
(1 = i) = V2 "[cos(— 900°) + isin (—900°)] = — 1024,
and the difference is 0.
18. (D) By hypothesis we have
3=87=2%, 5=139 so5=(2%)%=2%q

We are asked to find log,;,5 = x, i.e. x such that 10* = 5.
Since 5 = 2°79, we have 10* = 2°74; but also 10* = 2* - 5%
= 2% . 2%9x = 2x(1+3pP@)_ It follows that

= _ 3pq
x(1+3pg)=3pg and x= 77 pa”
OR
We recall the change of base formula'
logcb . _ 1
(*) log,b= Tog.a and its corollary log,b = oz

tTo verify the change of base formula (*) for positive numbers a, b, ¢, a +lc+1l
we set

log,b=U, so a'=hb,
log.b=V, so c’=b,
loga=W,so *=a

Thus ¢V =b=a¥ = (") =c" and UW =V, so U= V/W as clumed Taking
= ¢, we also obtain the important corollary

log . = logpa’
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and write
= logg3 = L = ! = L
P Bs log8  log,23 3log,2’
so
1
10g32 - 5 ’
and
log..§ = log,5 _ q ___ 9 _ _3pm
B log;10  log;2 +logy5 1 +q 1+ 3pg°
3p
OR

Since we are asked for an answer in base 10, we convert all
the given information to that base, using (*). From

log )3 log,o5

log,08 ’ q = logy5 = log,3

p=loggd =

one obtains
log,y3 = plog,8, log,o5 = qlog,,3,
thus

10V}
log,o5 = pqlog,8 = pqloglo(?) ,

= 3pq(1 — log,o5).
Solving this for log,,5 gives choice (D).

Note: Conversion of all logarithms to a common base provides a
systematic (if not always shortest) approach to problems like
18, and this approach will be used again in later problems,
with a reference back to (*). In the last solution to this
problem, we converted to base 10 only because the answer
was requested in that base. The traditional reason for using
base 10 — ease of doing numerical computations — has been
made largely obsolete by computers.
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19. (A) Let DM = NB = x; then AM = AN =1 — x. Now
area ACMN = area(0ABCD — area AANM
—area ANBC — area ACDM
=1- %(1 S S S Ny

Denote the length of each side of the equilateral triangle
CMN by y; using the Pythagorean theorem we see that

x2+ 2=y and (1-x)"+ (1 -x) =y
Substituting the first equation into the second we get
20-x)’=x2+1 or x2—dx+1=0.

The roots of this equation are 2 — y3 and 2 + V3. Since
2+ V3 > 1 we must choose x =2 — /3 and obtain area
ACMN = 2/3 -3,

20. (D) By rationalizing the denominator of each fraction, we see
T= (34 V8) ~ (/8 +7) + (/7 +V6)
- (6 +V5)+ (V5 +2)

21. (B) The sum of the first five terms of the geometric series with
initial term ¢ and common ratio r is

1- 5
Ss=a+ar+ar’+ar’+art= ELI_—::).
By hypothesis ar* — ar® = 576 and ar — a = 9. Dividing
the first equation by the last yields
rf-r _re-1 _

r—1 r—1

64,

sor’=64, and r = 4. Since ar —a=9 and r = 4, we

have a = 3 and therefore

_30-4)
-3

22. (E) We recall that asin@ + bcos 8, if a®> + b> # 0, can be ex-
pressed in the form

Va* + b?sin(8 + ),

S, = 1023.



23. (B)

24. (A)
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where
a . b

_, sing = ——,
Va? + b? Va? + b?
and that the minimum of sina is —1 and occurs when
a=270° + 360m)°, m=0,+1, £2,....
Applying this principle to the given function where

cosp =

a ___1 __1 _ b __¥
Va+ 2 VT+3 27 gy 2

we find ¢ = —60° and write

. A A 1.4 V3 4

Sll’li - \/50087 = 2[5sm7 - *2—0087]

= 2sin(% - 60°).

This expression is minimized when 14 — 60° = 270° +
(360m)° that is when 4 = 660° + (720m)°, m = 0,

+1,12,.... Noneof (A) through (D)are angles of this form.

Since TP = T"P, OT = OT” = r, and £ PT'O = £PTO
= 90°, we have AOTP = AOT”P. Similarly AOT'Q =
AOT"Q. Letting x = LTOP = £POT” and y = £T"0Q
= £QOT’ we obtain 2x + 2y = 180°. But this implies that
£POQ = x + y = 90°. Therefore APOQ is a right triangle
with altitude OT”. Since the altitude drawn to the hypo-
tenuse of a right triangle is the mean proportion of the
segments it cuts, we have

Let 4 be the event of rolling at least a five; then the proba-
bility of 4 is 2 = 3. In six rolls of a die the probability of
event A happemng s1x times is (l) The probability of get-
ting exactly five successes and one failure of 4 in a specific
order is (1)’ - 4. Since there are six ways to do this, the
probability of getting five successes and one failure of 4 in

any order is
(L) 2- L2
3) 3 729°

The probability of getting all successes or five successes and
one failure in any order is thus

£+(1)°_£
729 3] 729
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25. (C) Since DM = AM, £QMA = £ DMC and £CDM = £QAM,

26. (C)

27. (A)

28. (D)

we have AQAM = AMCD. Similarly ABPN = aDNC.
Now,

area AQPO = area L7ABCD + area ADOC

and
DOC = l(l e ABCD) = k
area A = zlzar a /7. g’
so that
k 9k
area AQPO = k+ § ?

Writing 30 as a product of prime factors, 30 =2 -3 - 5, we
obtain

(30)* = 24 - 34. 54,

The divisors of (30)* are exactly the numbers of the form
2¢.3/- 5% where i, j, k are non-negative integers between
zero and four inclusively, so there are (5)° = 125 distinct
divisors of (30)*; excluding 1 and (30)* there are 123 divisors.

Consider |f(x) + 4] = |3x + 2 + 4] = 3|x + 2|. Now
whenever |x + 2| <a/3, then |f(x)+4|<a. Con-
sequently whenever |x + 2| < b and b < a/3, we have
f(x)+4] < a
Using the formula for the sum of a geometric series, we have
25 2
2 & 2 3
€ X< ¥?<¥3n_1_1_1‘
3
If a, =0, then
2
S 2 9 1
O<x<n¥23n 1—1_3.
3
If a, =2, then

%+0+0+~-- <x<l.

Soeither 0 < x <} or 2gx<1
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OR
If the number x is represented in base 3, then it takes the
form .a,a,a, - -- a,5; where each digit is either 0 or 2. Thus

we see that either

[T 8]

or x> (0200...);=

W[ -

x < (0.100...)3 =

29. (B) Foreach p=1,..., 10,
S,=p+p+Qp-1)+p+2Q2p—-1)+---+p+392p—1)

—a0p + D5,y
= (40 + 40 - 39)p — 20 - 39
= (40)’p — 20 - 39.

Therefore,
10 10
Y S, = (40" X p — (10)(20)(39)

= (aoy LY _ (16)20)(39)
= 80,200.

30. (A) Consider line segment AB cut by a point D with AD = x,
DB =y, y <x and

y x

x x+y 4
Since y/x = R we can choose x = 1 and therefore y = R;
thus R = l-tl-R and R2+ R —1=0. We can therefore
write R™!' = R + 1 so that
RP+R '"=R*’+R+1=(R*+R-1)+2=2,

D
1
1

B

and
R[R(R2+R_l)+R—l]+R—] = RIR*+R7'] L p-1

=R>+R!
=2.
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1975 Solutions
1 1 1 4
(B) 1 B 1 35
2 - 2 - 2-=
I N ,_ 2 4
1 3

. (D) The equations have a solution unless their graphs are parallel

lines. This will be the case only if their slopes are equal, i.e. if
m=2m— 1 or m = 1. (The lines are not coincident since
they have distinct y-intercepts for all values of m.)

(A) None of the inequalities are satisfied if a, b, ¢, x, y, z are
chosen to be 1,1, —1,0,0, — 10, respectively.

(A) In the adjoining figure, if s is the
length of a side of the first square,
then s/ 2 is the length of a side s
of the second. Thus the ratio of s/V2
the areas is s2/(s/V2)? = 2.

(B) (x +y)° =x* + 9x%y + 36xy2 + - - - + %

9p3% = 36p’q*> and p + q = 1. Dividing the second equation
by 9p’q, we obtain p = 4q, and substituting 1 — p for ¢
we obtain p = 4(1 — p), so p =4/5.

. (E) Grouping the terms of the difference as

(2-1)+ (4=3)+ --- + (160 — 159),

one obtains a sum of 80 terms, each equal to 1.

lx — x|
x

(B)

is —2 if x is negative and 0 if x is positive.

(D) II and IV are the only negations of the given statement.
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9. (C) Let d denote the common difference of the progression
a,+ b, a,+ b,,.... Then

99d = (aloo + blOO) - (al + bl) = O.
Thus d = 0, and 100(a, + b,) = 10,000 is the desired sum.

10. (A) Let k be any positive integer. Then
(10% + 1> = 10%* + 2 - 10% + 1.
The sum of the digits is therefore 1 + 2 + 1 = 4.

11. (E) Suppose P is the given point, O is the center of circle X,
and M is the midpoint of a chord AB passing through P.
Since £OMP is 90°, M lies on a circle C having OP forits
diameter. Conversely, if M is any point on the circle C, then
the chord of circle K passing through P and M (the chord
of K tangentto C at P if M = P) is perpendicularto OM.
Hence M is the midpoint of this chord and therefore belongs
to the locus.

122.B)If a¥ b, a®>—b*=19x% and a — b = x, then
a® — b* = (a— b)(a®+ ab + b*) = x(a® + ab + b?)
= 19x3
Dividing the last equality above by x and substituting
b = a — x, we obtain
18x%2 + 3ax — 3a®> =0,
-3(a—-3x)}a+2x)=0.

So a=3xora= —-2x.

13. (D) For x < 0, the polynomial x® — 3x> — 6x* — x + 8 is posi-
tive, since then all terms are positive; so it has no negative
zeros. At x = 1, the polynomial is negative and hence has at
least one positive zero (between 0 and 1).

14. (E) Let W, H, I and S denote whatsis, whosis, is and so, respec-
tively. Then H = I and IS = 2§ imply W = §, or equiva-
lently, since S > 0, H=1=2 implies W = §. Now if H
=5,2S=S%and I =2, or equivalently H=1=§ =2,
then W= S, sothat HW =4=S+ &§.
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15. (A) The first eight terms of the sequenceare 1, 3,2, —1, -3, -2,
1, 3. Since the seventh and eighth terms are the same as the
first and second, the ninth term will be the same as the third,
etc.; i.e., the sequence repeats every six terms. Moreover, the
sum of each six term period is 0. Hence the sum of the first 96
terms is zero, and the sum of the first one hundred terms is
the sum of the last fourterms 1 +3+2 -1 =5,

16. (C) Denote the first term of the series by a and the common
ratio by 1/n; then the sum of the series is

a
————— =3, and a=3- .

= (1n) and a=3-(3/n)

Since a and n are positive integers, 0 < 1/n < 1, n = 3 and
a = 2. The sum of the first two terms is 2 + 2(1/3) = 8 /3.

Note: The desired sum clearly lies between 1 and 3, so (A), (B)
and (E) are impossible. If (D) were the answer, the first two
terms would both be 1, also impossible. This leaves only (C).

17. (D) Since the commuter makes two trips each work day, the total
number of trips is 2x; thus 2x = 9 + (8 + 15) = 32, and
x = 16.

Note: The given information was deliberately redundant. “If he
comes home on the train, he took the bus in the morning” is
logically equivalent to “If he takes the train in the morning,
he comes home by bus in the afternoon.”

18. (D) There are 900 three digit numbers, and three of them (128,
256 and 512) have logarithms to base two which are integral.
So 3/900 = 1,300 is the desired probability.

19. (D) For any fixed positive value of x distinct from one, let a =
log;x, b = log,5 and ¢ = log,5. Then x = 39,5 = x® and
5 = 3¢. These last equalities imply 3%® = 3¢ or ab = c. Note
that log,5 is not defined for x = 1.

OR

Converting all these logs to some fixed but arbitrary base d
(see footnote on p. 82), we obtain

(log;x)(log,5) =

forall x + 1.

log,x log,5 _log,5 _
log,3 log,x log,3

10g35v
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20. (B) In the adjoining figure let # be the length of altitude AN
drawn to BC, let x = BM and let y = NM. Then

R+ (x +y)’ =64,
h? + y? =9,
B+ (x—y) =
A
8
7 0 \3

Bx—-yNyM «x C

Subtracting twice the second equation from the sum of the
first and third equations yields 2x2 = 62. Thus x = V31
and BC = 2y31.

OR

Recall that the sum of the squares of the sides of a parallelo-
gram is equal to the sum of the squares of its diagonals.
Applying this to the parallelogram having AB and AC as
adjacent sides yields 2(4% + 8%) = 6% + (2x)%, x = V3I.

21. (D) Letting a = 0 in the equation f(a)f(b) = f(a + b) (called a
functional equation) yields f(0)f(b) = f(b), or f(0) = 1; let-
ting b = —a in the functional equation yields f(a)f(—a) =
f(0), or f(—a)=1/f(a); and

f(a)f(a)f(a) = f(a)f(2a) = f(3a), or f(a)={[(a).

The function f(x) = 1 satisfies the functional equation, but
does not satisfy condition IV.

22. (E) Since the product of the positive integral roots is the prime
integer ¢, ¢ must be posmve and the roots must be 1 and q.
Since p = 1 + q is also prime, ¢ = 2 and p = 3. Hence all
four statements are true.
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23. (C) In the adjoining figure diagonals D C
AC and DB are drawn. Since O
is the intersection of the medians
of AABC, the altitude of A40B P
from O is ] the altitude of N
AABC from C; ie. 3 the side 7)
length, s, of the square. Hence

area AAOB

1 (area a4BC) 4 M B
b4s7) = 42

Similarly, area ACOB = ls?. The area of AOCD is ob-
tained by subtracting the areas of triangles AOB and COB
from that of the square, so area 40CD = 5% — }52 = 452,

OR

Introduce coordinates with respect to which 4B is the unit
interval on the positive x-axis and 4D is the unit interval on
the positive y-axis. Now

area AOCD = area AACD + area AA0C

1 13 s
11

272
The rows of the determinant are the coordinates of O and C.
Those of O are (%, 1) because O is the intersection of
medians of A4ABC.

Note: Since the area of AABN is § of the area of the square, it is
clear that the desired ratio r satisfies § < r < 2. Only (C)
fulfills this condition.

=2
T

24. (E) If 0° < @ < 45°, then (see Figure 1) an application of a
theorem on exterior angles of triangles to A EAC yields
280 = 4 EAC + 0. Therefore £ EAC = 8 and AEAC is iso-
sceles. Hence EC = AE = AD.

Figure 2
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If 8 =45° then AABC is a 45°-45°-90° triangle and
E = B. Then EC = BC = AB = AD.
If 45° < 0 < 60°, then (see Figure 2)

£EAC = 180° — £AEC — £C
= 180° — (180° — 20) — 8
= 9.

Thus A EAC is isosceles and EC = EA = AD.

25. (B) If the son is the worst player, the daughter must be his twin.
The best player must then be the brother. This is consistent
with the given information, since the brother and the son
could be the same age. The assumption that any of the other
players is worst leads to a contradiction:

If the woman is the worst player, her brother must be her
twin and her daughter must be the best player. But the
woman and her daughter cannot be the same age.

If the brother is the worst player, the woman must be his
twin. The best player is then the son. But the woman and her
son cannot be the same age, and hence the woman’s twin, her
brother, cannot be the same age as the son.

If the daughter is the worst player, the son must be the
daughter’s twin. The best player must then be the woman. But
the woman and her daughter cannot be the same age.

26. (C) In the adjoining figure
BD/CD = AB/AC, C

since an angle bisector of a N D
triangle divides the opposite

side into segments which are

proportional to the two adjac- 4 M B
ent sides. Since CN = CD

and BM = BD, we have BM/CN = AB/AC, which
implies that MN is parallel to BC. Since only one choice is
correct, it must therefore be (C). Actually, it is easy to verify
that (A), (B), (D) and (E) are false if £ 4 = 90° — §, B =
60° and £C = 30° + 8, where § is any sufficiently small
positive angle.
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27. (E) If p, q, r are roots, then the polynomial can be factored as

follows:
3-x2+x-2=(x-p)x—-q)x-7r)
=x}—(p+q+r)x?
+ (pg + pr+qr)x — pqr.
Equating coefficients of like powers of x, we find
p+q+r=1, pg+pr+gqr=1, pgr=2.

In looking for the sum of the cubes of the roots of a cubic
equation, let us use the fact that each root satisfies the
equation:

P-p+p-2=0
@ -¢*+q-2=0
rP—=rt+r-2=0.

Adding these, we obtain

() P+@+r—-(pPP+q*+r)+(p+q+r)-6=0.

We saw that p + ¢ + r = | and shall determine the sum of
the squares of the roots by squaring this relation:

(p+q+r)=p*+q*>+r*+2Apg+pr+gqry=1
PP+ g+ rr+20) =1,
pr4 gt 4 r? =—1.

Substituting this into (*), we obtain

P+@+ri=-1-1+6=4.

28. (A) Construct line CP parallel to EF and intersecting 4B at P.

Then

AP _ AF
AC AE’

that 1s,

AP _ AF
16 2A4F’

)

AP = 8.

Let a, x, y, a, B,8 and 8 be as shown in the adjoining dia-
gram. The desired ratio £G/GF is the same as y/x which
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we now determine. By the law of sines,

a_ _ 12 a_ _ 16 _ 16
sina sin@’ sin B sin(180° — @) sinf’
Hence
sina  4°
Moreover
x_ _ 8 y _ 16 _ 16
sina sind’ sinB  sin(180° — §) sind’
Hence
y sing 3
== 2= ==,
X sina 2
OR

Join GB and GC. Triangle ABC is subdivided into six
smaller triangles whose areas are

denoted by a, b, c, d, e, f, as in-
dicated in the diagram. Triangles
AEG and AFG have the com-

and this we now calculate.
Triangles ACM and ABM have equal areas, so

d+e+f=a+b+c.

Similarly f = ¢, and hence d + e = a + b by subtraction.
Let x be the length AF, so that AE = 2x, FB =12 — x,
EC =16 — 2x. Then

and



96

THE MAA PROBLEM BOOK IV

Thus a + b = d + e becomes

a£=d1—6, or 3a=2d, sog=§.
X 2x a 2
OR
Extend BC and FE until they H

intersect in a point H; see the
adjoining figure. The collinear
points 4, G, M lie on sides (or
their extensions) BF, FH, HB
of AFBH respectively. They also
lie on extensions of sides
CE, EH, HC of AECH. We
may therefore apply Menelaus’s
theorem' and find

A F B
HG F4 BM _ HG EA CM _ |
FG BA HM EG CA HM

Since CM = BM and EA = 2FA, division of the first equa-
tion by the second yields

EG _,BA _, 12

3
FG~“ca” "'16 2

29. (C) Instead of trying to compute (V3 + v2)° directly, we com-

pute something slightly larger and easier to compute, because
many terms cancel; namely we compute

(V3 +v2)" + (/3 - V2)"

When (a + b)?* and (a — b)?* are expanded by the bi-
nomial theorem, their even-powered terms are identical, and
their odd-powered terms differ only in sign; so their sum is

2[a2" + (22")a2"‘2b2 SRR Sl B

*Menelaus’s theorem: If points X, Y, Z on the sides BC, CA, AB (suitably extended)
of AABC are collinear, then

BX CY AZ

XAvBz "

Conversely, if this equation holds for points X, Y, Z on the three sides, then these three
points are collinear.

For a proof, see e.g. H.S.M. Coxeter and S L. Greitzer Geometry Revisited, vol. 19, p.

66 in this NML series.
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This principle, applied with a = V3,5 =v2, k = 3 yields
(V3 +v2)° + (V3 - v2)° =2[27 + 15(18 + 12) + 8] = 970.
Since 0 < V3 — V2 <1, 970 is the smallest integer larger
than (V3 + v2)%.
30. (B) Let w = cos36° and let y = cos72°. Applying the identities
cos20 =2cos?8 — 1 and cos28 =1 — 2sin%,

with @ = 36° in the first identity and 6 = 18° in the second
yields

y=2w?—-1 and w=1-2y2
Adding these last two equations yields
w+y=2(w—y?)=2(w—y)w+y)
and division by w + y yields 2(w — y) =1, so

=w—y=-2|-.
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1976 Solutions

1 1
l_x—l—_—;,l—x—l—l,x——l.

.(B)If x+1#0 then —(x + 1)> <0 and {— (x + 1)? is not

real; if x + 1 =0 then y{— (x + 1)> =0. Thus x = —1 is

the only value of x for which the given expression is real.

. (E) The distance to each of the two closer mid}goints is one; the

distance to each of the other midpoints is V12 + 22,

. (C) The sum of the terms in the new progression is

1 1 [ N L TR | s
1+_+...+ = = .
r -l Pl Pl

Note: If r=1, then s = n and the sum of the reciprocal pro-
gression is also n. This eliminates all choices except (C).

. (C) Let ¢ and u be the tens’ digit and units’ digit, respectively, of

a number which is increased by nine when its digits are
reversed. Then 9 = (10u + ¢) — (10¢t + u) = Hu — t) and
u = t + 1. The eight solutions are {12,23,..., 89).

(C) Let r be a solution of x2 — 3x + ¢ =0 such that —r is a
solution of x? + 3x — ¢ = 0. Then
rP=3r+c=0,
r’=3r—c=0.
which implies 2¢ = 0. The solutions of x2 — 3x = 0 are 0
and 3.

Note: The restriction to real ¢ was not needed.

(E) The quantity (1 — |x[}(1 + x) is positive if and only if either
both factors are positive or both factors are negative. Both
factors are positive if and only if —1 < x < 1, while both
factors are negative if and only if x < —1.
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8. (A) ihe points whose coor- 4
dinates are integers with 3
absolute value less than =~
or equal to four form a )

9X 9 array, and 13 of I~
these points are at dis- * -~ /¢ 1t '\
tance less than or equal . )

to two units from the —4-3-2 —1 [0 1 2 3 4

origin. See figure. <o\ e—1 ’/ .
. . . =2 . .

9. (D) Since F is the midpoint of
BC, the altitude of AAEF
from F to AE (extended C
if necessary) is one half the
altitude of AA4BC from
Cto AB (extended if nec- F
essary). Base AE of AAEF
is 3/4 of base AB of
AABC. Therefore, the area
of AAEF is 4 D E B

(1/2)(3 /4)(96) = 36.

10. (D) For the given functions, f(g(x)) = g(f(x)) is equivalent to
m(px +q)+n=p(mx +n) +gq,
which reduces to
mg+n=pn+q ot n(l-p)—q(l—-m)=0.

If this last equation holds, then f(g(x))= g(f(x)) is an
identity, i.e. true for every value of x. If on the other hand

n(l = p) # q(1 — m), then f(g(x)) = g(f(x)) has no solu-
tion 1n x.

Note: If the composites f[g(x)] and g[ f(x)] of such functions f
and g have the same output for some input x, then f and g
commute under composition.

11. (B) The statements “P implies Q.,” “Not Q implies not P”
and “Not P or Q" are equivalent. The given statement,
statement III and statement IV are of these forms, respec-
tively.



100 THE MAA PROBLEM BOOK IV

12. (C) There are 25 different possibilities for the number of apples a
crate can contain. If there were no more than five crates
containing any given number of apples, there could be at most
25(5) = 125 crates. Since there are 128 crates, n > 6. We
conclude that n = 6 by observing that it is quite possible that
there are exactly six crates containing k apples in each of the
cases k = 120, 121, 122, and exactly five crates containing k
apples in each of the cases k = 123,124, 125,..., 144.

13. (A) If a cows give b cans in ¢ days and 4 cows give B cans in
C days, then we make the basic assumption

B _2

AC  ac’
i.e. that the number of cans per cow-day is always the same.
In the precent case a=x, b=x+ 1, c=x+2, and 4 =
x+ 3,B=x+ 5. Thus

x+5 _ _x+1 and _ x(x+2)(x +5)
(x+3)C x(x+2) (x + 1)(x + 3)

Note: As a partial check, we verify that our answer has the
appropriate units:

xcows (x + 2)days(x + 5)cans

(x + 3)cows(x + 1)cans

= (Cdays.

14. (A) Let n be the number of sides of the polygon. The sum of
the interior angles of a convex polygon with n sides is
(n — 2)180°, and the sum of n terms of an arithmetic pro-
gression is n/2 times the sum of the first and last terms.
Therefore

(n—2)180 = %(100 + 140).

Solving this equation for n yields n = 6.

15. (B) Since each of the given numbers, when divided by d, has the
same remainder, 4 divides the differences 2312 — 1417 =
895 =5-179 and 1417 — 1059 = 378 = 2 - 179; and since
179 is prime, d = 179. Now 1059 =5 - 179 + 164, r = 164,
and d— r =179 — 164 = 15.
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16. (E) Let G and H be the points at which the altitudes from C
and F intersect sides 4B and DE, respectively. Right trian-
gles AGC and FHD are congruent, since side AG and side
FH have the same length, and hypotenuse AC and hy-
potenuse DF have the same length. Therefore, £GAC =
£DFH,

LACG + ,GAC = £ACG + £ DFH = 90°,

$0
£ACB + £DFE = 24ACG + 24DFH = 180°,
and
area AABC = 2(area AACG) = 2(area ADFH ) = area ADEF.
C
F
A G B D H E

17. (A) Using trigonometric identities, we obtain

(sin@ + cos @)’ = sin? + cos20 + 2sinfcos @
=1+ sin24
=1+a.

Since @ is acute, sinf + cos® > 0 and sin 8 + cos @
=yl +a.

18. (E) In the adjoining figure, £ is the point of intersection of the
circle and the extension of DB, and FG is the diameter pass-
ing through D. Let r denote the radius of the circle.

Then

(BC)(BE) = (4BY, A

3(DE + 6) = 36, p /F ¢
DE = 6. E 2/ 3C\3 B

Also

(DE)(DC) = (DF)(DG),
6:-3=(r—2)(r+2),
18=r2-4,
r=v22.

G
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19. (B) Let r(x) be the desired remainder. Since its degree is less
than the degree of the divisor (x — 1)(x — 3), r(x) is of the
form ax + b. Thus

p(x)=(x—-1)(x - 3)g(x) +ax + b.

The given information says that p(1) = 3 and p(3) = 5. Set-
ting x = 1 and then x = 3, we obtain

p()=a+b=3 p(3)=3a+b=>5,

soa=1,b=2, and r(x)=x+ 2.

20. (E) The given equation may be written in the form
4(log,x)* — 8(log,x )(log,x) + 3(log,x)* = 0;
(2log,x — log,x)(2log,x — 3log,x) =0
log,x? = log,x or log,x?=log,x>.
Let r = log,x?. Then
a’=x> and b"=x, or a"=x*> and b = x>
a’ = bZr or a3r = bZ’.
Since x ¥ 1 we have r # 0; and
a=>b* or a*=p.
21. (B) We recall that 1 +3+5+---+2n+1=(n+ 1)® and
write the product

/7 ,93/7 , ... .9@n+1)/T — 2143+ -+2n+1)/7 _ ~(n+1)2 /7
2 2 2 2 2 .

Since 2'® = 1024, we consider values of n for which
(n + 1)?/7 is approximately 10:

204D2/1 2 99H1/D < 29 . 912 = (512)(1.41...)
< 1000 < 1024 = 29 < 2(9+1)1/7’

and n = 9.

22. (A) Let point P have coordinates (x, y) in the coordinate sys-
tem in which the vertices of the equilateral triangle are
(0,0),(s,0) and (s/2, sV¥3/2). Then P belongs to the locus
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if and only if
a=x2+y2+(x—s)2+y2+(x—s/2)2+(y—sﬁ/2)2,
or, equivalently, if and only if

a=(3x? - 3sx) + (3y? — s/3y) + 252,

a— 2s?

3 = (x—s/2)2 + (y—Sﬁ/6)2 —-5%/3,

a— s?

7 = (x—s/2 + (y - sﬁ/6)2.

Thus the locus is the empty set if a < s2; the locus is a single
point if @ = s?; and the locus is a circle if a > s2.

23. (A) Since all binomial coefficients (Z) are integers, the quantity

n—2k—1(n)=(n+1)—2(k+1)(n)

k+1 \k k+1 k
- (7 -2)(3)
N Zi i k!(nni k) 2(2)
" (k +(’1l);r(r:)i k) 2(2)

_(n+1)_ ('l)
(k + 1) Ak
is always an integer.

24. (C) In the adjoining figure, MF is parallel to AB and intersects
KL at F. Let r,s(=r/2) and ¢ be the radii of the circles
with centers K, L and M, respectively. Applying the
Pythagorean theorem to AFLM and a FKM yields

2 (r L N,V
(MF)‘(z“) (2 ')’ \
(MF)* = (r -t} - 1~ _@
uating the right sides A A B
Equating
of these equalities yields

r/t = 4. Therefore the
desired ratio is 16.
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25. (D) For all positive integers n,
A w)=(n+ 1) +(n+1)—n*—n=3n>+3n+2
AN u)=3(n+ 1 +3(n+1)+2-3n2-3n—-2=6n+6
a*(u,) =6

a%(u,)=0.

Note. If u, is a polynomial in n of degree r, then A'u, is a
polynomial of degree r — 1, A%u, is a polynomial of degree
r — 2, etc. From this we see that A"y, is a non-zero constant
sequence, and A’*'u, = 0. In the present example r = 3, so
a3u, is a non-zero constant, while a*u, = 0.

Readers familiar with calculus will note an analogy with the
fact that if f(x) is a polynomial of degree r, then the rth
derivative D"f(x) is a non-zero constant, while D"*f(x) =
0. The finite difference operator a is known as the forward
difference operator and plays an important role in numerical
analysis.

26. (C) In the adjoining figure,
X,Y,V and W are the
points of tangency of the
external common tan-
gents; and R and S are
the points of tangency of
the internal common tan-
gent. From the fact that
the tangents to a circle
from an external point
are equal, we obtain:

PR = PX, PS=PY,
0S = OW, QR = QV.
So
PR+ PS+ QS+ QR=PX+ PY+ QW + QV,
and thus
2P0 = XY + VW.
Since XY = VW, PQ = XY =VW.
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27. (A) A direct calculation shows that

W5 +2+ W5 -2
VS + 1

and

3-22=2-22+1=(2-1)
Since a radical sign denotes the positive square root,

N=VI-(ZI-1)=1.

28. (B) One hundred lines intersect at most at (lgO ~100-99 _

2
4950 points. But the 25 lines L,, Lg,..., Lo, are parallel;

hence (225) = 300 intersections are lost. Also, the 25 lines
L,, Ls,..., Ly, intersect only at point 4, so that (225 ) -1

= 299 more intersections are lost. The maximum number of
points of intersection is 4950 — 300 — 299 = 4351.

29. (B) The table below shows the ages of Ann and Barbara at
various times referred to in the problem. The first column
indicates their present ages. The second column shows their
ages when Barbara was half as old as Ann is now—that was

y — (x/2) years ago, hence Ann’s age was x — ( - E) or

2
3_2x — y. The third column refers to the time when Barbara

was as old as Ann had been when Barbara was half as old as

Ann is—that was y — (3—; - ) or2y— % years ago;

hence Ann’s age then was x — (2y - 3—;) or 5_2x - 2y.
3x S5x
Ann ’ X ‘ 7 - ‘ ? - 2y
x 3x
Barbara y l 2 >~

By the conditions stated in the problem, x + y = 44

and y = 5_2x — 2y; the simultaneous solution of these yields
x =24,
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30. (E) We observe that we can find a system of symmetric equations
by the change of variables

(1) x=2u, y=uv, z=%w.

This substitution yields the transformed system
u+v+w=6,
(2) uo + ow + uw =11,
uvw = 6.

Consider the polynomial p(¢) = (¢ — u)(t — v)(t — w),
where (u, v, w) is a solution of the system (2). Then

(3) p(t)y=13— 612+ 11t — 6,

and u, v, w are the solutions of p(¢) = 0. Conversely, if the
roots of p(t) = 0 are listed as a triple in any order, this triple
is a solution to system (2).

It is not hard to see that p(¢) = 0 has three distinct solu-
tions; in fact, p(¢) = (¢t — 1)(t — 2)(¢ — 3). So the triple
(1,2, 3) and each of its permutations satisfies the system (2).
Since the change of variables (1) is one-to-one, the original
system has 6 distinct solutions (x, y, z): (2,3,1), (2,2,3),
4, 1,3), (4,3,4),(6,1,1) or (6,2,}).

Note: There are methods for determining all solutions of a system
of linear equations in n unknowns, on the one hand, and of a
single n-th degree polynomial in one variable, on the other.
No such simple methods are generally applicable to hybrid
systems of the type presented in Problem 30. The problem
shows that some very special systems can be transformed into
a system of n equations (n = 3 in the present case) involv-
ing the elementary symmetric functions of n variables, thus
permitting solutions via a single polynomial equation of de-
gree n in one variable.
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1977 Solutions
L D)x+y+z=x+2x+2y=x+2x +4x="Tx.

2. (D) If three equal sides of one equilateral triangle have length s,
and those of another have length ¢, then the triangles are
congruent if and only if s = «.

3. (E) Let n be the number of coins the man has of each type; their
total value, in cents, is

1-n+5-n+10-n+25-n+50-n=91n=273,
and n = 3; three each of five types of coins is 15 coins.

4. (C) Since the base angles of an isosceles triangle are equal,
4B = 4C=50°
£EDC = 4CED = 65° and 4BDF = ¢ DFB = 65°.
It follows that
£ FDE = 180° — 2(65°) = 50°.

Note: The measure of £ EDF is 50° even if AB + AC; see the
Figure below.

£FDE = 180° — {EDC — ¢ BDF A
—_ o _ 1 o _
= 180° — 1(180° — £C) E F
— 1(180° — £ B)
=4(gB + «£C)
= 1(180° — £ A)
= 50°. C D B

5. (A) If P is on line segment AB, then AP + PB = AB other-
wise AP + PB > AB.

6. (D) 2x+ [(2x) )"] =(4x2+)’)_l ?1; + %

2 4x+y 1
T Ax+y 2xy xy ()™

Note: The function f(x, y) = (2x + %)“[(2)‘)—1 + (%)_l is

homogeneous of degree —2, which means that f(ix,ty)=
t=%f(x,y). Only choice D displays a function with this

property.
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I 1 14Y2 _14V27 1442
1-V2 1-Y2 1+y2 1-V2 1442

~ (1+V2)1 +¥2).

~
—_
o
IS

I

8. (B) If a, b and ¢ are all positive (negative), then 4 (respectively,
—4) is formed; otherwise 0 is formed.

N N
9. (B) Let AB = x° and AD = y°. Then
3x + y = 360,
1(x —y) = 40.

Solving this pair of equations for y, we obtain y = 30°, and
hence £C = iy = 15°.

10. (E) The sum of the coefficients of a polynomial p(x) is equal to
p(1). For the given polynomial this is (3 - 1 — 1)” = 128.

1. By f n<sx<n+1,thenn+1<x+1<n+2 Hence
[x + 1] = [x] + 1. Choosing x = y = 2.5 shows that II and
III are false.

12. (D) Let a, b, and ¢ denote the ages of Al, Bob and Carl, respec-
tively. Then

a=16+(b+c) and a®>=1632+ (b+c)’;
so a? = 1632 + (a — 16)* which yields
1632 —2-16a+ 162=0 and a=59.
Then b+ ¢c=59—16=43 and a + b + ¢ = 102.

OR

Since we are interested in the sum a + b + ¢, we try to write
it in terms of the information supplied by the problem:

l[a+b+clla—(b+c)] a? — (b + c)
a—(b+c¢) ~ a-(b+c)

a+b+c=

1632
16 " 102.
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14. (B)
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The second through the fifth terms of {a,) are
a,, a\a,, a\ay’, a,’a;’.

If these terms are in geometric progression, then the ratios of
successive terms must be equal: a, = a, = a,a,. Since a,
and g, are positive, it is necessary that a, = a, = 1. Con-
versely, if a, = a, = 1, then {a,) is the geometric progres-
sion 1,1,1,....

If m + n = mn, then
m+n—-mn=0, m+n(l-m)=0, n=—",
m-—1

for m # 1. There are no solutions for which m = 1. The

. m . . . .
solutions (m, m—_-) are pairs of integers only if m i1s 0

1

or 2,

OR
If mm=m+ n, then (m — 1)(n — 1) = 1. Hence either
m—l=n—1l=lorm—-1=n—-1= -1 Thus (m, n)

= (2,2) or (0,0).

15. (D) In the adjoining figure, PB and

QC are radii drawn to common
tangent AD of circle P and
circle Q. Since £ PAB = £QDC
= 30°, we have

AB=CD = 3/3.

Moreover BC = PQ = 6, and
hence AD = 6 + 6y3. There-
fore the perimeter is 18 + 18Y3.

16. (D) Since

i"*2cos(45 + 90(n + 2))°

—i"(—cos(45 + 90n)°)
i"(cos(45 + 90n)°),

every other term has the same value. The first is v2 /2, and
there are 21 terms with this value (n = 0,2,4,..., 40). The

second term is icos 135° = —iy2 /2, and there are 20 terms
with this value (n = 1,3,..., 39). Thus the sum is
g(zl — 204).
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17. (B) The successful outcomes of the toss are the permutations

18. (B)

of (1,2,3), of (2,3,4), of (3,4,5) and of (4,5, 6g The proba-
o . . 6-4 1
bility that one of these outcomes will occur is

& 9

Let y be the desired product. By definition of logarithms,
2'823 = 3. Raising both sides of this equation to the log,4
power yields 20823183 = 4, Continuing in this fashion, one
obtains 27 = 32; thus y = 5.

OR

Express each logarithm in the problem in terms of some fixed
base, say 2 (see footnote on p. 82). Then we have

_ log,3 _ log,4 _log,5 . logy3l log,32
Y log,2 log,3 log,4 log,30 log,3l1
which telescopes to
log,32 5
ry= log,2 1 >
19. (A) The center of a
circle circumscrib- R

ing a triangle is
the point of inter-
section of the
perpendicular bi-
sectors of the sides
of the triangle.
Therefore, P, Q, R
and § are the in-
tersections of the
perpendicular bi-
sectors of line seg-
ments AE, BE, CE
and DE. Since line
segments per-
pendicular to the
same line are paral-
lel, PORS is a P
parallelogram.

A




20. (E)

21. (B)

22. (C)
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All admissible paths end at the center C
“T” in the bottom row of the diagram.

Our count is easier if we go from the end CO
to the beginning of each path; that is, if CON
we spell TSETNOC, starting at the bot-

tom center and traversing sequences of CONT
horizontally and/or vertically upward CONTE

directed segments. The count becomes

easier still if we take advantage of the CONTES
symmetry of the figure and distinguish CQNTEST
those paths whose horizontal segments

are directed to the left (see figure)

from those whose horizontal segments are directed to the
right. These two sets have the central vertical column in
common and contain an equal number of paths. Starting at
the bottom corner “T” in our figure, we have at each stage of
the spelling the two choices of taking the next letter from
above or from the left. Since there are 6 steps, this leads to 26
paths in this configuration. We get 2 paths also in the
symmetric configuration. Since we have counted the central
column twice, there are altogether 2 - 26 — 1 = 127 distinct
paths.

Subtracting the second given equation from the first yields
ax+x+(1+a)=0
or, equivalently,
(a+1)(x+1)=0.

Hence, a= —1 or x=—1. If a= —1, then the given
equations are identical and have (two complex but) no real
solutions; x = — 1 is a common solution to the given equa-

tions if and only if a = 2. Therefore, 2 is the only value of a
for which the given equations have a common real solution.

Choosing a = b = 0 yields
2/(0) = 4f(0),
f(0)=o.
Choosing a = 0 and b = x yields
f(x) + f(=x) = 2f(0) + 2f(x),
f(=x)=f(x).

Note: It can be shown that a continuous function f satisfies the

given functional equation if and only if f(x) = cx?, where ¢
is some constant.
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23. (B) Let a and b be the solutions of x2 + mx + n = 0; then

-m=a+b, —-p=a’+ b,
n = ab, q = a’b’.
Since
(a+b) =a®+3a + 3ab® + b = a® + b* + 3ab(a + b),
we obtain
—m*=—p+3n(-m) ot p=m>-3mn.
24. (D) We use the identit r_o_1 . 2 to write th
’ Y% T n+2 n(n+2) ¢ e
given sum in the form
l[l_l 1_1... _1___1__]
211 3 3 5 255 2570

OR
Use the identity
1 + 1 _ 2
n(n—k) n(n+k) (n—k)n+k)

to group successive pairs of terms in the sum. Thus letting

k =2, write
s=— s
3-1 3-5 7-5 7-9
1 1
‘2(ﬁ+ﬁ+”')’
then let k = 4 and write
1 1
S—2-2(W 9.17+'“).
. . 1 128
7 = ==
This process will lead to 2 T 257 = 357

25. (E) Let 2%3'5™ - .. be the factorization of 1005! into powers of
distinct primes; then n is the minimum of k& and m. Now
201 of the integers between 5 and 1005 are divisible by 5;
forty of these 201 integers are divisible by 52; eight of these
forty integers are divisible by 5% and one of these eight
integers is divisible by 5. Since 502 of the numbers between



26. (B)
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2 and 1005 are even, k > 502; so
n=m=201 + 40 + 8 + 1 = 250.

If MNPQ is convex, as in Figure 1, then A4 is the sum of
areas of the triangles into which MNPQ is divided by diago-
nal MP, so that

A = labsin N + ledsin Q.
Similarly, dividing MNPQ with diagonal NQ yields
A =1ladsin M + 1bcsin P.

We show below that these two equations for 4 hold also if
MNPQ is not convex. Therefore, in any case,
atc b+d

2 2

The inequality is an equality if and only if
sinM=sinN=sinP=sinQ=1,
i.e. if and only if MNPQ is a rectangle. P

A< i(ab+cd + ad + bc) =

Figure 1 Figure 2

If MNPQ is not convex, for example if interior angle' Q
of quadrilateral MNPQ is greater than 180° as shown in
Figure 2, then A4 is the difference

area of AMNP — area of AMQP
so that

A

absin N — %cdsin;(PQM

absin N — %cdsin(360° — £ MQP)

Nl—= = |-

absin N + %cdsin;(MQP.

*To distingwsh intenor angle Q of quadrilateral MNPQ from interior angle Q of
APMQ in Figure 2, we label the angles in the counter-clockwise direction: £ MQP is
the angle through which line segment MQ must be rotated counter-clockwise about
pomnt Q to coincide with the line through P and Q. Note that

£MQP + ¢ POM = 360°.
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28. (A)
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In the corner of a room two walls meet in a vertical line, and
each wall meets the floor in a horizontal line. Consider these
three mutually orthogonal rays as the positive axes of an
x, y, z-coordinate system. A sphere with radius a, tangent to
all three coordinate planes, has an equation of the form

(x—a)’+(y—a)’ +(z-a) =a>
If the point (5, 5, 10) lies on such a sphere, then
(5-a)’+(5-a)+ (10 - a)’ = a?,
24 — 40a + 150 = 0,

a?—20a+175=0.

The two solutions of this quadratic equation give the radii of
spheres satisfying the given conditions. The sum of the solu-
tions (the negative of the coefficient of a)is 20, so the sum of
the diameters of the spheres is 40. (Since the last equation is
equivalent to (@ — 15)(a — 5) = 0 we see that the spheres
have radii 15 and 5.)

We shall use the identity

(x—])(x"+xn—l+...+x+1)=xn+l_1.

Thus, for example, (x — 1)g(x) = x® — 1. By definition of
the function g, we have

g(x2) = (x2) + (x)* + (x2) + (x2) +x'2+ 1

= (x8)' %+ (x8)" +(x6)° + (x8)* + (x6)* + 1.
Subtracting 1 from each term on the right yields the equation
g(x?)-6= [(xG)w— 1] + [(xG)s— 1] 4+ [(xG)2 —1].

Each expression on the right is divisible by x® — 1. We may
therefore write

g(x'?) = 6 = (x* — 1) P(x),

where P(x) is a polynomial in x6 Expressing x® — 1 in
terms of g(x), we arrive at

g(x'?) = (x = 1)g(x) P(x) + 6.
When this is divided by g(x), the remainder is 6.
OR

Write g(x'?) = g(x)Q(x) + R(x), where Q(x) is a poly-
nomial and R(x) is the remainder we are seeking. Since the



29. (B)

30. (A)
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degree of the remainder is less than that of the divisor, we
know that the degree of R(x) is at most 4.

Since g(x)(x — 1)= x% — 1, the five zeros of g(x) are
—1 and the other four (complex) sixth roots of unity; so if «
is a zero of g(x), then a® = 1. Therefore

g(a'2) = g[(a®)?] = g(1) = 6.
On the other hand,
g(a'?) = g(a)Q(a) + R(a),
6 = R(a),

and this holds for five distinct values of a. But the poly-
nomial R(x) — 6 of degree less than 5 can vanish at 5 places
only if R(x)— 6 =20 for all x, ie. if R(x)= 6 for all x.

Let a = x%, b=y? and ¢ = z2 Noting that (a — ) > 0
implies a? + b? > 2ab, we see that
(a+b+c)=a’+b*+c+ 2ab+ 2ac + 2bc
<a’+ b+ 2 + (a? + b?)
+ (a2 + c?) + (b* + 2)
=3(a% + b* + ¢?).

Therefore n < 3. Choosing a = b = ¢ > 0 shows n is not
less than three.

In the adjoining figure, sides PQ R

and TS of the regular nonagon

have been extended to meet at R

and the circumscribed circle has

been drawn. Each side of the

nonagon subtends an arc of Cf " b ™N\s
360° /9 = 40°; therefore / a d \

£TPQ = £STP o

- 3-40° = 60°.

N —

Since QS||PT, it follows that both A PRT and AQRS are
equilateral. Hence

d=PT=PR=PQO+QR=PO+QS=a+b.



116

THE MAA PROBLEM BOOK IV

OR

Inscribe the nonagon in a circle of radius r. Since the chords
of lengths a, b, d subtend central angles of 40°,80°,160°
respectively, we have

a=2rsin20°, b= 2rsin40°, d = 2rsin 80°.
By means of the identity

+y x-—y
2 953

. . .X
sin x + sin y = 2sin

with

x =40°, y=20°,
we obtain sin 40° + sin 20° = 2 sin 30° cos 10°. Since
sin 30° = 1, this yields

sin 40° + sin 20° = cos 10° = sin 80°,
and therefore b + a = d.



SOLUTIONS: 1978 EXAMINATION 117

1978 Solutions
4 4 2?2 2
1(B)1——+;=(1—;) = (; ;=1

2. (C) Let r be the radius of the circle. Then its diameter, cir-
cumference, and area are 2r, 27r and 7r2, respectively. The

given information reads —2% = 2r. Therefore 4 = 4ar?

and the area is 7r2 = 1.

1 1
3. (D) (x— ;)(y+ ;) =(x—yXx+y)=x>—-y>

4 B)y(a+b+c—d)y+(a+b—c+d)+(a—-b+c+d)
+(—a+b+c+d)=2a+b+c+d)=2222

5. (C) Let w, x, y and z be the amounts paid by the first, second,
third and fourth boy, respectively. Then since

w+x+y+z=060,

w=s(xty+n=a@60-w), w=20;

x=%(w+y+z)=%(60—X), x =15

y=%(w+x+z)=%(60—y), y=12

Any of these equations now yields z = 13.

6. (E) If y # 0, the second equation implies x = §, and the first
equation then implies y = + 3. If y = 0, the first equation
implies x = 0 or 1. Thus we have the four distinct solution
pairs (%’ %)’ (-ZL’ - -ZL)’ (O’ O)’ (1’0)'
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7. (E) In the accompanying figure A,
vertices 4, and A4, of the hexa-
gon lie on parallel sides twelve
inches apart, and M is the mid-
point of 4,4;. Thus a4, 4,M
isa 30°-60°-90° triangle, and A4,

A1A2=i
6 V3’

so A A, =4/3.

8. (D) In the first sequence, it takes three equal steps to get from x
to y; in the second, it takes 4. Hence the ratio of these step
sizes is

a—-a _(y—x)/3
b—b  (y—x)/4

_4
3

9. ®) |x = f(x = 1| = Ix = 1x = 11 = Ix = (1 = »)|

=|-1+2x|=1-2x

10. (B) For each point 4 other than P, the point of intersection of
circle C with the ray beginning at P and passing through 4
is the point on circle C closest to A. Therefore the ray be-
ginning at P and passing through B is the set of all points 4
such that B is the point on circle C which is closest to
point A4.

11. (C) If the line with equation x + y = r is tangent to the circle
with equation x2 + y2 =r, then the distance between the

point of tangency (%, %) and the origin is vr. Therefore,

(%)2+(§)2=r and r = 2.
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12. (E) Let x = {BAC = £BCA; y = {CBD = £CDB and z =
£DCE = ¢ DEC. Applying the theorem on exterior angles to
AABC and A ACD and the theorem on the sum of the inter-
ior angles of a triangle to A ADE yields

y = 2x,

z=x+y = 3x,
x + £LADE + z = 180°,
140° + 4x = 180°,
x = 10°. D

A C E

13. (B) Since the constant term of a monic' quadratic equation is the
product of its roots,

b=cd, d = ab.
Since the coefficient of x in a monic quadratic equation is
the negative of the sum of its roots,
—a=c+d, —c=a+b;
thus a+c+d=0=a+ b+ c, and b = d. But the
equations b = cd and d = ab imply, since b = d # 0,
that 1 = a = ¢. Therefore, b=d = —2, and

a+b+c+d= -2

14. (C) Since n> —an + b=0, and a = (18), =1 - n + 8, we have
b=an— n?=(n+ 8)n — n* = 8n = (80),.

OR

The sum of the roots of x> — ax + b =0 is a = (18),. Since
one root is n = (10),, the other is (18), — (10), = (8),, = 8.
Hence the product b of the roots is (8), - (10), = (80),,.

A monic polynomual is one in which the coefficient of the highest power of the variable
is 1.
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then cos x = % — sinx and

15. (A) If sin x + cos x = %,

) 1 . 2
cos?x = | — sin’x = (§ — sin x) ;

SO

25sin’x — Ssinx — 12 =0,

The solutions of 255> — 5s — 12 =0 are s =4/5 and s =
—3/5. Since 0 < x < 7, sin x > 0, so sin x = 4/5 and
cosx = (1/5)— sinx = —3/5. Hence tan x = —4/3.

16. (E) Label the people 4,, 4,,..., Ay in such a way that 4, and
A, are a pair that did not shake hands with each other.
Possibly every other pair of people shook hands, so that only
A, and A4, did not shake with everyone else. Therefore, at
most N — 2 people shook hands with everyone else.

17. (D) Applying the given relation with x = 3/y yields
23y 3\2 iy |2
-G+

18. (C) We seek the smallest integer n such that yn — yn — 1
1

< J00° Since, for positive g, a < ¢ if and only if % > %,
we must find the smallest integer such that

= k2.

2

f(9+y2
Yy

ﬁ=ﬁ+\/n—l > 100.

Since V2500 + y2499 < 100 and v2501 + y2500 > 100,

the least such integer is 2501.

19. (C) Since 50p + 50(3p) = 1, p = .005. Since there are seven per-
fect squares not exceeding 50 and three greater than 50 but
not exceeding 100, the probability of choosing a perfect
square is 7p + 3(3p) = .08.
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20. (A) Observe that the given relations imply
a+b—-c +2= a—11;+c +2= —a+ab+c +2,

that is,

a+b+c _ a+b+c _ a+b+c

c b a )
These equalities are satisfied if a + b + ¢ = 0, in which case
x=—11If a+ b+ c+0, then dividing each member of

the second set of equalities by @ + b + ¢ and taking the
reciprocals of the results yields a = b = ¢. In thatcase x = 8.

21. (A) Since log, a = long (see footnote on p. 82), we see that

1 + 1 + 1
log,x  log,x  logsx

= log,3 + log.4 + log,5

= log,60 = Toggx "

22. (D) Since each pair of statements on the card is contradictory, at
most one of them is true. The assumption that none of the
statements is true implies the fourth statement is true. Hence,
there must be exactly one true statement on the card. In fact,
it is easy to verify that the third statement is true.

23. (C) Let FG be an altitude of A AFB, and let x denote the length
of AG. From the adjoining figure it may be seen that

D C
E
1+V3 =4B=x(1+3),
F,
1+v3 =x2(1+v3), AR
~
=x2(1 +v3).
( ) b& X\/g f\,.o

The area of AABF is
1(AB)(FG) = x*(1 + V3)V3 = 4v3.
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24. (A) Let a = x(y — z) and observe that the identity
x(y=z)+y(z=x)+z(x-y)=0

implies
a+ar+ar’=0;
l+r+r2=0.
25. (D) The boundary of the set of points satisfying the conditions is
shown in the adjoining figure.
za -

\
x+y=a \\

a2 — 1

(0,0)

26. (B) In the first figure, K is any circle tangent to 4B and passing
through C. Let T be the point of tangency and NT the di-
ameter through point 7. Let CH be the altitude of AABC
from C. Then NT > CT > CH with NT = CH if and only
if N=C, and T = H. There is such a circle with diameter
CH, so it is the (unique) circle P of the problem, shown in
the second figure. By the converse of the Pythagorean theo-
rem, £ RCQ = 90°; thus QR is also a diameter of P. Since

ACBH ~ AABC, %E = so QR = CH = 438,

ﬁ,
B B
H
T 0 H
c A P
K
N C R A

Figure 1 Figure 2
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27. (C) A positive integer has a remainder of 1 when divided by any
of the integers from 2 through 11 if and only if the integer is
of the form mt + 1, where ¢ is a nonnegative integer and
m=23.32.5.7.11 = 27,720 is the least common multi-
ple of 2,3,..., 11. Therefore, consecutive integers with the
desired property differ by 27,720.

28. (E) Triangle A4,A4;A4, has vertex
angles 60°,30°,90°, respectively. As
Since £ 4,4,4A, = 60°, and
A,A, and A,A4; have the same
length, A 4,4, A4 is equilateral.

Therefore, A A;A4,A5 has vertex As As
angles 30°,30°, 120°, respective- 4

ly. Then AA,A5A4¢ has vertex 7
angles 30°, 60°,90°, respectively. 4, A A,

Finally, since £A4,A54, = 60°

and A;4, and A4, have the same length, AA 444, is
again equilateral. The next cycle yields four triangles, each
similar to the corresponding triangle in the previous cycle.
Therefore aA4,A4,, 14,472 ~ 8A4,,4A4,.5A4,,¢ With A, and
A, . , as corresponding vertices. Thus

LAy AysAy = LA A Ay = 120°.

29. (D) Since the length of base A4’ of A AA'B is the same as the
length of base AD of A ABD, and the corresponding altitude
of AAA’B’ has twice the length of the corresponding altitude
of AABD,

areaAAA'B’ = 2areanADB,

see figure on next page. (Alternatively, we could let § be the
measure of £ DAB and observe

areaAAA'B’ = %(AD)(2AB)sin(180° - 0)
= 2[%(AD)(AB)sin0] = 2arean ABD.)
Similarly
areaABB’'C’ = 2arean BAC,

areaACC'D’ = 2areaACBD,
areaADD’A’ = 2areaADCA.
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Therefore
area A'B'C'D’
= (areaa AA’'B’ + areaaBB'C’)
+ (areaACC’'D’ + areaa DD’ A’)
+area ABCD
= 2(areaaABD + areaaBAC)
+2(areaaACBD + areaaDCA)

+area ABCD
= 5area ABCD = 50.

30. (E) Let 7m,5m be the total number of matches won by women
and men, respectively. Now there are

n_(n_z_—__ll matches between women, hence won by women.
There are
2n —
En_(__%__}l = n(2n — 1) matches between men, hence

won by men. Finally, there are
2n - n = 2n* mixed matches, of which

k=Tm— n_(n_z_—__ll are won by women, and
2n? — k= 5m — n(2n — 1) by men.

We note for later use that k < 2n% Then

m _ in(n—1)+k

_1ln(n-1)+2
Sm pQ2n-1)+2n*—-k 2 an*-n-k '’

5n(n — 1) + 10k = 14(4n®> — n — k),
51n* — 9n — 24k = 3(17n> — 3n — 8k) =0,
17n? — 3n = 8k,

17n% — 3n

3 = k.
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Since k < 2n?, it follows that 17n2 — 3n < 16n2, so
n(n —3)< 0, n < 3. Since k is an integer, n ¥ 1 or 2;
hence n = 3.

OR
The total number of games played was
(3n) — 3”(3” - 1)
2 2 ’

Suppose that 7m games were won by women, and 5m games

were won by men. Then

3n(3n — 1)
2

Since m is an integer, 3n(3n — 1) is a multiple of 24. But
this is not true for n = 2,4,6,7. (It is true for n = 3.)

Tm+ 5m = 12m = and 3n(3n— 1) = 24m.
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1. (D)

2. (D) 2

3. (C)

4. (E)

5. (D)

6. (A)

7. (E)

8. (C)

THE MAA PROBLEM BOOK IV

1979 Solutions

Rectangle DEFG has area 18, one quarter of the area of
rectangle ABCD.

Since A DAE = 90° + 60° = 150° and DA = AB = AE,

p— [+
£ AED = (Lzlso) = 15°.

x[x{(x(2—-x)—4+10]+ 1

=x[x(2x — x> — 4+ 10] + 1 = x[2x2— x> — dx + 10] + 1
= —x*+2x>—4x?2 + 10x + 1.

The units and hundreds digits of the desired number must
clearly be equal. The largest such even three digit number is
898. The sum of its digits is 25.

Add and subtract directly or note that

Let x = n, n > 0. Then

(n+ 1P =n+2n+1=x+2/x + 1.

The area of the smallest y

region bounded by y =
|x| and x? + y2 = 4 is AN
shown in the adjoining

figure. Its area is

1 , 2 x
Z(WZ )= . KJ

—y=lxl
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9. (E) ‘/Z ‘/_ (22 1/3(23)1/4 = 22/323/4 = 917/12 — 91 H5/12)
=12. 25/12 2 12‘/.‘
10. (D) Let C be the center of P, Q. P

11. (B)

12. (B)

the hexagon; then the
area of 0,0,0,0, is
the sum of the areas
of the three equilateral
triangles A Q0,0,C,
AQ,0,C, 40,0,C,
each of whose sides
have length 2. The area
of an equilateral trian-
gle of side s is 3s%/3.
Therefore, P A

2
wes 0,0,0,0, = 3203 =3/,

Summing the arithmetic progressions yields

ns _1+3+4---4@2n-1)
116 244+ +2n

n>  n

n(n+1)—n+1;

hence n = 115.

Draw line segment BO, and let x and y denote the mea-
sures of L EOD and £ BAO, respectively. Observe that AB
= OD = OFE = OB, and apply the theorem on exterior an-
gles of triangles to AABO and AAEQO to obtain

£EBO = {BEO =2y

and
x = 3y.
Thus
45° = 3y,

15° = y.
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OR

Since the measure of an angle formed by two secants is half
the difference of the intercepted arcs,

y——(x ») y=3=-3 =Is.

13. (A) Consider two cases:

Case 1: f x>0 then y—x<Vx? if and only if
y — x < x, or equivalently, y < 2x.

Case 22 If x<0 then y—x <Vx? if and only if
y — x < —x, or equivalently, y <0.

The pairs (x, y)

satisfying the condi- y

tions described in

éy =2x
either Case 1 or Case
2 are exactly the pairs
(x, y) such that y <

0 or y < 2x (see ad- l | ““ ———

joining diagram for Cos
geometric interpreta- l |e

F——Case |—
tion).

Note 1: Since \/— = |x|, the given inequality can be written

2% forx>0
)’<"+""={0x for x =0

and the graph of x + |x| is the boundary of the shaded
region in the figure.

Note 2: The given inequality holds if x = 1, y = 0, and also if
x = y = — 1. This eliminates all choices except (A).

14. (C) Let a, denote the nth number in the sequence; then
aa,---a,  n?

alaz “en an_l (’l _ 1)2

n=

for n > 2, Thus, the first five numbers in the sequence are

9 16 25 9 25 61
1,4,2,?,R, and the desired sum is 2 +R 16"



15. (E)

16. (E)

17. ()
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If each jar contlegcns a total of x liters of solut;on, then one
jar contains 1 liters of alcohol and o+ 1 liters of
‘{: I liters of alcohol and

:I% liters of water. The ratio of the volume of alcohol to

the volume of water in the mixture is then

water, and the other jar contains

()
p+1 q+1/7 pg+)+q(p+1)

(;JrL)x (g+ 1)+ (p+1)
p+1 g+1

p+q+2pg
p+q+2°

Since 4,, A;, A, + A, are in arithmetic progression,
A, — A, = (A, + 4,) — Ay; 24, = A,.
If r is the radius of the smaller circle, then
97 = A, + A, = 34, = 37r?; r=y3.

Since the length of any side of a triangle is less than the sum
of the lengths of the other sides,

x<y—x+z—y=z—x, whichimplies x<%;
y—x<x+z-—y, which implies y<x+%;

z—y<x+y-—x, which implies y>%.

Therefore, only statements I and II are true.
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18. (C) Since log, a = (see footnote on p. 82),

1
log, b
1 1 1 10

-~

log,5  log,,10 —log,,2 ~ 699  7°

logs 10 =
(The value of log,; 3 was not used.)

19. (A) Since 2563 = (28)32 = 2% the given equation is equivalent

to
x 256
(5) =1

Among the 256 256th roots of 1, only 1 and —1 are real.
Thus x =2 or x = —2 and 22 + (—2)* = 8.

20. (C) Let x = Arctana and y = Arctan b:
(a+ Db+ 1)=2,
(tanx + 1)(tan y + 1) = 2,
tanx + tan y = 1 — tan xtan y,
tan x + tan y
I —tanxtan y
The left hand side is tan(x + y), so

tan(x +y)=1, x+y= % = Arctan a + Arctan b.

OR

Substituting @ = 3 in the equation (a + 1)}(b + 1) =2 and
solving for b, we obtain b = 3. Then

tanx+tany a+b 3+
1

tan(x +y) = ] —tanxtany 1-—ab

sox+y=—=
Y=
Note: x + y cannot be (7/4) + nw for a non-zero integer n be-
cause 0 < x, y <w/2.

21. (B) In the adjoining figure, O is the center of the circle and x, y
are the lengths of the legs of the triangle. So

h=(y—-r)+(x—r)
=x+y-—2r,
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and
x+y=h+2r.
A
T A
»~
[
] h
~ r
y
r (4 +
/ \'
ri\/ r
el
C r x=r B
X

The area of AABC is the sum of the areas of triangles 40B,
BOC and AOC, whose altitudes have length r. Thus

1
area AABC = 5(xr+yr+hr = %(x +y+h)
=%(h+2r+h)=r(h+r).

2 ar

ar?
hr+r2 h+r’

Thus the desired ratio is

Note: Alternatively, the area of AABC is

1 =l(x+y)2—(x2+y2)
277 2 2

%[(h +2r)Y — K] = hr + 12,

22. (A) The left member of the given equation can be factored into
m(m + 1)(m + 5) and rewritten in the form

m(m+ 1)(m+2+3)=m(m+ 1)(m+2)+3m(m+ 1).

For all integers m the first term is the product of three
consecutive integers, hence divisible by 3, and the second
term is obviously divisible by 3. So for all integers m, the left
side is divisible by 3.

The right side, 3[9n% + 3n? + 3n] + 1 has remainder 1
when divided by 3. Therefore there are no integer solutions of
the given equation.



132

23. (C)

24. (E)
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Let M and N be the D

midpoints of 4B and

CD, respectively. We N

claim that M and N

are the unique A

choices for P and Q C
which minimize the
distance PQ. To
show this we consider
the set S of all points B

equidistant from A

and B. S is the plane perpendicular to 4B through M.
Since C and D are equidistant from A4 and B, they lie in
S, and so does the line through C and D. Now M is the
foot of the perpendicular to 4B from any point Q on CD.
Therefore, if P is any point on AB,

MQ < PQ unless P=M.

Similarly, the plane through N perpendicular to CD con-
tains AB. In particular, MN L CD; thus

MN < MQ unless Q= N.
By transitivity, MN < PQ unless P = M and Q = N. This
proves the claim.
To compute the length of MN, we note that MN is
the altitude of isosceles A DMC with sides of lengths V3 /2,
v3 /2, 1. The Pythagorean theorem now yields

MN = J(MC) - (NC)* = % - %
- g = minimal distance PQ.

Let E be the intersection of lines AB and CD, and let 8
and @ be the measures of £ EBC and £ ECB, respectively;
see figure. Since

cosB = —cos B =sinC = sind,
B+ 0 =90° so £BEC is a right angle, and
BE = BCsinf =3; CE = BCsinf8 = 4.

Therefore, AE = 7, DE = 24 and AD, which is the hypot-
enuse of right triangle ADE, is V7> + 24% = 25.
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C 20 D

Let a = — 5. Applying the remainder theorem yields r, =
a® and solving the equality x® = (x — a)q,(x) + r, for
q,(x) yields

x8 —

X —a

q,(x) = =x"+ax8+---+ad’

[or, by factoring a difference of squares three times,
qi(x) = (x* + a*)(x* + a®)(x + a)].

Applying the remainder theorem to determine the remainder
when ¢,(x) is divided by x — a yields

1
= qi(a) = 807 = — .

Note: For solvers familiar with calculus, there is another

26. (B)

way to find ¢,(a). We differentiate the identity x® =
(x — a)q,(x) + r, with respect to x, obtaining

8x” = q,(x) + (x — a)qi(x).
Setting x = a yields 84’ = ¢,(a).

Substitute x = 1 into the functional equation and solve for
the first term on the right side to obtain

fy+1)=f(y)+y+2.

Since f(1) = 1, one sees by successively substituting y =
2,3,4,... that f(y)> 0 for every positive integer. There-
fore, for y a positive integer, f(y + D>y +2 >y + 1,
and f(n) = n has no solutions for integers n > 1. Solving
the above equation for f(y) yields

f)=f(y+1)=(y+2).
Successively substituting y = 0, — 1, —2,... into this equa-
tion yields f(0)= —1, f(-1)= =2, f(-2)= -2,
f(—=3)= -1, f(—4 = 1. Now f(—4) > 0 and, for y <—4,
—(y + 2) > 0. Thus, for y < —4, f(y) > 0. Therefore,
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f(n)# n for n < —4; and the solutions n = 1, —2 are the
only ones.

OR
We write the functional equation in the form
flx+y)—f(y)=f(x) +xy + L.
Setting x = 1 and using the given value f(1) = 1, we find
fy+D)-fy)=y+2.

We now set y = 0,1, 2,... n successively, then y =
0, —1, —2,... — m successively, and obtain
S =f(0)=2(s0 f(O)= - 1) JO = f(-D=1
fQ-fm=3 f(-hH-f(-2y=0
f(n)=f(n=1)=n+1 f(=(m=D) - f(-m)= —-(m-2)

Adding the set of equations in the left column and cancelling

like terms with opposite signs yields
n+1

f(n)—f(0)=2+3+--+n+1=—-1+ Y i
i=1
Recalling that the sum of the first k positive integers is
1k(k + 1) and using the value f(0) = — 1, we obtain

f(n)+1= (n+1)2(n+2)_

(1) f(n) = 4(n® + 3n - 2)
for each non-negative integer n.

The same procedure applied to the column of equations on
the right above shows that equation (1) is valid also for
negative integers; thus (1) holds for all integers.

The equation f(n) = n is equivalent to

n*+3n-2=2n,
nP+n-2=(n+2)(n-1)=0,
n=1 or n=—2;
so there is only one integer solution other than n = 1.

1,

Note 1: The computations involving the equations in the right
column above can be avoided by setting y = —x in the
original equation to obtain

f(x) +f(=x)=f(0) + x> — 1,
or since f(0) = —1,
(2) flx) = —f(=x) +x* -2

for all x. Let x be negative and substitute (1) in (2) to get
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f(x)= - %[(—x)2 + 3(—x) —2] +x2—2=1(x*+3x-2).
Thus negative integers as well as positive satisfy (1). In fact, it
is easy to check that the function

x2+3x—2

flx)= 255
satisfies the given functional equation for all real x and y.

Note 2: The technique used in the second solution is frequently
applied to solve many commonly occurring functional equa-
tions involving the expression Af(x)= f(x + 1) — f(x);
Af(x) is called the “first difference” of f(x) and behaves,
in many ways, like the first derivative f’(x) of f(x). For
example

2
f(x)=x+ 2 implies fix)= x? + 2x + ¢

Af(x)=x +2 implies f(x)= &2____12

where ¢ is a constant. The study of functions by means of
Af(x) is called the theory of finite differences.

+2x +e¢,

27. (E) These six statements are equivalent for integers b, ¢ with
absolute value at most 5:

(1) the equation x2 + bx + ¢ = 0 has positive roots;

(2) the equation x? + bx + ¢ = 0 has real roots, the smaller
of which is positive;

(3) Vb — 4c isrealand —b — Vb? — 4c > 0;

(4) 0 < b* —4c < b? and b < 0;
2

(5)O<c<b7 and b < 0;

6)b=—-2andc=1,0orb=—-3and c=1 or 2; or
b=—-4andc=1,2,30r4;0orb=—-5and c=1, 2,
3, 40r5.
The roots corresponding to the pairs (b, ¢) described in (6)
will be distinct unless b> = 4¢. Thus, deleting (b, c) =
(—2,1) and (—4,4) from the list in (6) yields the ten pairs
resulting in distinct positive roots.
10 111

The desired probability is then 1 — e =121

*Some references to this theory or to the theory of more general functional equations
are: Finite Differences by S. Goldberg; “Functional Equations in Secondary Mathe-
matics”, by S. B. Maurer, an article in The Mathematics Teacher, April 1974
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28. (D) Denote by A’ the analogous intersection point of the circles

with centers at B and C, so that, by symmetry, A’B’C’ and
ABC are both equilateral triangles. Again, by symmetry,
AABC and A A’B’C’ have a common centroid; call it K. Let
M be the midpoint of the line segment BC. From the trian-
gle 4’BC we see that the length A’M = yr? — 1. Since cor-
responding lengths in similar triangles are proportlonal
BC' _ AK
BC AK’
Since equilateral A ABC has sides of length 2, we find that
BC = 25K nd also that altitude AM has length V3.

AK
Consequently
AK—EAM—EE MK=1AM=1¢§-
3 3t 3 3"
and
AK =AM + MK = Vr* — 1 +(V3 /3).
Thus

po =Y 1B mmTy o

2(V3 /3)
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2
29. (E) By observing that [x3 + %] —x+2+ L, one sees
x

x5’
that
e 2T [0 5]
o= S
(x+ ) +(x + x3)
=(x+;)3—(x3+$ =3(x+ ;)
Since

2
O<(\/;—L) =x+%—2, wehave 2< x +

Vx

1
x ’

and f(x) = 3(x + %) has a minimum value of 6, which is

taken on at x = 1.

30. (B) Let F be the point on the
extension of side 4B past
B for which AF = 1. Since
AF = AC and £ FAC =
60°, AACF is equilateral.
Let G be the point on line
segment BF for which
£BCG = 20°. Then ABCG
is similar to ADCE and
BC = 2(EC). Also aFGC

is congruent to aAABC. 4
Therefore,

area AACF = (area AABC + area AGCF) + area A BCG,

2 area AABC + 4 area ACDE,

= area AABC + 2 area ACDE.

oo|§| A|§|
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1980 Solutions

[a—

. (C) Since g =14 + %, the number is 14.

N

. (D) The highest powers of x in the factors (x> + 1)* and
(x3 + 1)> are 8 and 9, respectively. Hence the highest
power of x in the productis 8 + 9 = 17.

2x —y
x+y

w

. () If

2
=3 then

6x — 3y =2x + 2y,

4x = 5y,
x_5
y 4

4. (C) The measures of angles £ ADC, £CDE and £ EDG are 90°,
60° and 90°, respectively. Hence the measure of £GDA is

360° — (90° + 60° + 90°) = 120°.

W

. (B) Triangle PQC is a 30°-60°-90° right triangle. Since
AQ = CQ

V3
3

:b."'u
QI
[
G‘"u
QI

1
V3
6. (A) Since x is positive the following are equivalent:

Vx < 2x, x < 4x2, 1 < 4x, %<x, x>

&=

~3

(B) By the Pythagorean theorem, diagonal AC has length 5.
Since 5% + 122 = 132, ADAC is a right triangle by the con-
verse of the Pythagorean theorem. The area of ABCD is

(%)(3)(4) + (%)(5)(12) = 36.



SOLUTIONS: 1980 EXAMINATION 139

8. (A) The given equation implies each of these equations:

atb 1
ab a+b’
(a+b)2=ab,

a’+ab+ b*=0.
Since the last equation is satisfied by the pairs (a, b) such

that @ = {[—b + V —3b?], and since the only real pair among
these is (0,0), there are no pairs of real numbers satisfying
the original equation.

9. (E) As shown in the adjoining figure, there are two possible
starting points; therefore, x is not uniquely determined.

Possible starting points,
>

TRy AV,
3 \\\\//

10. (D) Since the teeth are all the same size, equally spaced and are
meshed, they all move with the same absolute speed » (v is
the distance a point on the circumference moves per unit of
time). Let a, B, v be the angular speeds of A4, B, C, respec-
tively. If a, b, ¢ represent the lengths of the circumferences of
A, B, C, respectively, then

v v v
=g By orTe
Therefore, aa = Bb = yc or, equivalently,
e _B_2
1 1 1
a b c

Thus the angular speeds are in the proportion
1 1 1

a'b ¢
Since a, b, ¢, are proportional to x, y, z, respectively, the
angular speeds are in the proportion

1.1.1
PR

Multiplying each term by xyz yields the proportion
yzixz:xy.
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11. (D) The formula for the sum S, of n terms of an arithmetic

12. (C)

progression, whose first term is a and whose common dif-
ference is d, is 2S, = n(2a + (n — 1)d). Therefore,

200 = 10(2a + 9d),
20 = 100(2a + 994),
28,10 = 110(2a + 109d).

Subtracting the first equation from the second and dividing
by 90 yields 2a + 1094 = —2. Hence 2S,,, = 110(—2), so
Sl = _ 110.

In the adjoining figure, L, L,
and L, intersect the line
x =1 at B and 4, respec-

tively; C is the intersection Y
of the line x = 1 with the B
x-axis. Since OC =1, AC
is the slope of L, and BC L,
is the slope of L,. There- /
fore, AC = n, BC = m, A
and AB = 3n. Since OA
is an angle bisector 0 c x

oc _ AC x=1

OB AB
This yields

1 n
% = ?’; and OB =3.
2 V2

By the Pythagorean theorem 1+ (4n)° =9, so n= -5

Since m = 4n, mn = 4n* = 2.
OR

Let 8, and 6, be the angles of inclination of lines L, and
L,, respectively. Then m = tané, and n = tan#,. Since 6,
= 268, and m = 4n,

2tanf,  2n
1—tan?d, 1-n?

4n =m = tan@, = tan26, =

Thus

4n = 12" > and 4n(l — n®)=2n.
—n

Since n # 0, 2n?> = 1, and mn, which equals 4n?, is 2.
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13. (B) If the bug travels indefinitely, the algebraic sum of the
horizontal components of its moves approaches %, the limit
of the geometric series

1 1 1

AT =1_—_1)‘
(-3
Similarly, the algebraic sum of the vertical components of its
moves approaches

2.1 1,1
5 2 8 32
Therefore, the bug will get arbitrarily close to (£, %).
OR

The line segments may be regarded as a complex geometric
sequence with ¢, = 1 and r = i/2. Its sum is

2 4+2i 4 2,
Z“ R e e

In coordmate language, the limit is the point (32, %

Note: The figure shows that the 1
limiting position (x, y) of %FT
the bug satisfies x > 3/4,
y > 3/8. These inequalities
alone prove that (B) is the

W=

correct choice. 1
3
14.(A)F0rallx=ﬁ—§,
cx
(52 :
_ _ 2x+3) _ cx
x—f(f(x))—z( cx )+3_2cx+6x+9’
2x+ 3

which implies (2¢ + 6)x + (9 — ¢?) = 0. Therefore, 2¢ + 6
=0 and 9 — ¢*=0. Thus, c = —3.

OR
The condition f[f(x)] = x says that the function f(x) is its
own inverse. Thus, if
X
YT 2x+3
is solved for x as a functionof y, the result will be x = f(y).
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Indeed, we obtain
2xy+3y—ex=0, x(2y —c)= -3y,
and

x =

2y 2= 1(»),

which implies ¢ = —3.

Note: In order to form f[f(x)], we assumed that if x # — 3/2,
then f(x)#+ — 3 /2. This assumption can be justified ex post

facto now that we have found ¢ = —3; indeed if
3
flx) = 2x + 53

then 6x = 6x + 9, a contradiction.

15. (B) Let m be the price of the item in cents. Then (1.04)m = 100n.
Thus (8)(13)m = (100)%n, so m = (2)(5)41—"3. Thus m is an
integer if and only if 13 divides n.

16. (B) The edges of the tetrahedron are face diagonals of the cube.
Therefore, if s is the length of an edge of the cube, the area
of each face of the tetrahedron is

(sv2)'V3 _s¥3
4 2

and the desired ratio is

65

=3.

17. (D) Since i? = —1,

(n+i)*=n*—6n2+1+i(4n® — 4n).

This is real if and only if 4n* — 4n = 0. Since 4n(n? — 1) =
0 if and only if n = 0, 1, — 1, there are only three values of
n for which (n + i)* is real; (n + i)* is an integer in all
three cases.

18. (D) log,sin x = ag; sin x = b% sin’x = b2%; cos x = (1 — b*9)1/%;
log,cos x = 5 log,(1 — b*9).
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19. (D) The adjoining figure is drawn and labelled according to the
given data. We let r be the radius, x the distance from the
center of the circle to the closest chord, and y the common
distance between the chords. The Pythagorean theorem pro-
vides three equations in r, x, and y:

r2 =x2?+ 102,
rt=(x +y)2 + 82,
r?=(x+2y) + 4.

Subtracting the first equation
from the second yields

0=2xy +y2— 36,

and subtracting the second
equation from the third yields

0 =2xy + 3y? — 48.

This last pair of equations yields 2y2 — 12 = 0, thus
y =6, and x = 15/6. Finally

r=vx?+ 102 =5/22 /2.
20. (C) The number of ways of choosing 6 coins from 12 is

12} _
(6)—924.

[The symbol Z denotes the number of ways k things may

be selected from a set of n distinct objects.] ““ Having at least
50 cents” will occur if one of the following cases occurs:

(1) Six dimes are drawn.
(2) Five dimes and any other coin are drawn.
(3) Four dimes and two nickels are drawn.

The numbers of ways (1), (2) and (3) can occur are
( g), ( g)( ?) and ( 2)( ;), respectively. The desired proba-
bility is, therefore,

() (2)3)+ G)G) 10

924 924°
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21. (A) In the adjoining figure the line segment from E to G, the

22. (E)

23. (C)

midpoint of DC, is drawn. Then

area AEBG = (%)(area AEBC),

area ABDF = (%)(areaAEBG) = (%)(area AEBC).

(Note that since EG connects the midpoints of sides AC
and DC in AACD, EG is parallel to AD.) Therefore,

area FDCE A
5
= (E)(areaAEBC) E
and \
\
area A BDF _ l \ c
area FDCE 5 B D G

The measure of £ CBA was not needed.

In the adjoining figure, the graphs of y = 4x + 1,y = x + 2
and y = —2x + 4 are drawn. The solid line represents the
graph of the function f. Its maximum occurs at the intersec-
tion of the lines y = x + 2 and y = —2x + 4. Thus

_2 <
*73 S 2
~ /// . X
\g,\ _y=*
and ’
2 8
15)-3
Applying the Pythagorean theorem to ACDF and ACEG

in the adjoining figure yields
4a® + b? = sin’x,
a? + 4b® = cos’x.
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Adding these equations, we obtain

5(a® + b*) = sin’x + cos?x = 1.

Hence B
AB = 3Va? + b? a D

1 ..........

=3/ = H
5 a sinx f E

NP S :----g—--.

= 3£ a 1o E

5° : H
C~ % F b ¢ b 4

24. (D) Denote the given polynomial by P(x). Since P(x) is divisi-
ble by (x — r)2, we have, for some polynomial L(x),
P(x) = (x = r)’L(x),

and since P(x) is of degree 3, L(x) is of degree 1, say
L(x) = ax + b. So we have the identity

8x% — 4x? — 42x + 45 = (x? — 2rx + r?)(ax + b).

In the right member the coefficient of x> is a, and the
constant term is br2. Hence a = 8, and br? =45, or b =
45/r?, and the identity becomes

8x3 — dx? — 42x + 45 = (x? — 2rx + rZ)(8x +iz—)
r

Equating coefficients of x? and x, we obtain
“ter+ - s, 22 g
r r

Multiplying the first equation by 2r and adding it to the
second, we have
—24r?= —8r — 42
or
12r2 —4r — 21 =0 = (2r — 3)(6r + 7),

so that r=3/2 or r=-7/6. Now P(3/2)=20, but
P(—17/6) + 0. We conclude that r = 3/2 = 1.5.
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OR

For solvers familiar with calculus we include the follow-
ing alternative. By hypothesis 8x® — 4x2 — 42x + 45 =
8(x — r)*(x — s). Differentiating both sides, we obtain

24x2 — 8x — 42 =16(x — r)(x — s) + 8(x — r).

Setting x = r and dividing by 2, we get 12r2 — 4r — 21 = 0.
From here on the solution proceeds as above.

25. (C) The given information implies that a, > a,_, if and only if

n + ¢ is a perfect square. Since a, > a, and a5 > a,, it fol-
lows that 2 + ¢ and 5 + ¢ are both squares. The only
squares differing by 3 are 1 and 4; hence 2 + ¢ = 1, so
¢ = —1. Now

a,=3=b[V2+c]+d=b[VT]+d=b+a.

Hence b + ¢ + d = 3 — 1 = 2. (Although we only needed to
find b + d here, it is easy to see by setting n = 1 that d =1,
and hence b = 2.)

Note: The last member of the k-th string of equal terms occupies

26. (E)

the position 1 + 3 + 5+ -+ 2k — 1 =4k?in the se-
quence. Its successor is a2, , = a,: + 2. Therefore

[\/k2+1+c]—[\/k2+c]=%=l,

soc=—1and b=2.

A smaller regular tetrahedron circumscribing just one of the
balls may be formed by introducing a plane parallel to the
horizontal face as shown in Figure 1. Let the edge of this
tetrahedron be ¢. Next construct the quadrilateral C, B, B,C,,
where C, and C, are centers of two of the balls. By the
symmetry of the ball tetrahedron configuration the sides
C,B, and G, B, are parallel and equal. It follows that

BB,=CC=1+1=2.

Thus, s =t + 2, and our problem reduces to that of de-
termining ¢.
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Figure 2

Figure 1

In AABC,, in Figure 2, AC, has a length of one radius
less than the length b of altitudes DB and AE of the smaller
tetrahedron; and AB has length %(y3 /2)t, since B is the
center of a face. Applying the Pythagorean theorem to
AABC, yields

2
b-1)"=1"+ 317!

’

(7

and applying the Pythagorean theorem to A ADB yields

2

2 _ 32
tb+32

Solving the second equation for b, substituting this value for
b in the first equation, and solving the resulting equation for
the positive value of ¢ yields 1 =2y6. Thus s =2 + ¢ =
2+ 2/6.

OR

We first consider the regular tetrahedron T whose vertices
are the centers of the four unit balls and calculate the distance
d from the center of T to each face. We then magnify T so
that the distance from the center to each face is increased by
1, the radius of the balls. We thus obtain the tetrahedron T”
whose edge length ¢’ is to be determined. Since T and T
are similar, and since the edges of T have length 2, we have
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M 774

We carry out this plan by placing the center of T at the
origin of a three dimensional coordinate system and denote
the vectors from the origin to the vertices by ¢, ¢, ¢, ¢,
and their common length by ¢. Since ¢, + ¢c; + ¢; + ¢, =0,

(2) —cp=c¢3+ ¢+ ¢y
Taking the scalar product of both sides with ¢, yields
—crep=—ct=c-cy+ec ¢y + ¢y =3c%os,
where @ is the angle between ¢; and ¢;, i #j. Thus
cosf = —4.

The square of the length of an edge of T is
le; — ¢z = 4 = 2¢% — 2c%cos 0 = 02(2 + %) - §c2,
so

(3) c=43/2.

Now the line from the origin perpendicular to a face of T
goes through the centroid of the triangular face. So the
distance d is the length of the vector {(c, + ¢; + ¢,); by (2)
we have,

d=|}(c, + ¢; + ¢)| = 1.

Substituting for ¢ from (3), we obtain

d=(1/3W3/2 = 1//6.
Finally, from (1),
d+1 _(146)+1

e’ =2 =2 =2+2/6.
d 1/‘/3

OR

Some solvers may be familiar with the fact that the altitudes
of a regular tetrahedron intersect at a point 3/4 of the way
from any vertex to the center of the opposite face.! Given this

*This can be proved by finding the center of mass M of four umt masses situated at the
vertices. In finding M, the three masses on the bottom face can be replaced by a single
mass of 3 unuts located at the center of the bottom face. Hence M is 3/4 of the way
from the top vertex to this latter point. The result now follows by symmetry.
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fact, it follows that the altitude DB of the small tetrahedron
is 4. From aADB we find

23 t?
2 _ 42 —
t 4+(3 t) 16 + 3.

Hence %rz =16, or t = V24 = 2/6.

27. (E) Let a =5 + 2/13 , b= {5 — 2/13 and x = a + b. Then
x3 = a® + 3a%b + 3ab* + b,
x3=a3+b3+3ab(a+b),

=10 + 3V —27x.

The last equation is equivalent to x* + 9x — 10 =0, or
(x — 1Xx? + x + 10) = 0, whose only real solutionis x = 1.

28. (C) Let f(x)=x*+x+1 and g (x)=x*"+ 1+ (x + 1)*.
Note that (x — 1)f(x) = x> — 1, so that the zeros of f(x)
are the complex cube roots of 1:

w=—%+g = cos 120° + isin120° = /3, ¥
W = —% —g = c0s240° + isin240° = "3 = .
Note that

W= () = 1.

Now g,(x) is divisible by f(x) if and only if g,(w) =
g,(w’) = 0. Since w and w’ are complex conjugates, it
suffices to determine those n for which

2
g(w)="+(0+1)"+1=0.
We note that
1 3. . 2 .
w+l==2+ g1=e"’/6, 0 (w+ 1) =e"3=o0.

*The polar representation of t.heb complex number a + ib is r(cos @ + isin8), where
r=va*+b* and 8= arctan—  For brevity, we set cosd + isind = ¢, § in
radians. Note that ¢'2*™ = 1 for all integers k. This exponential notation is not arbi-

trary. Complex powers of e are defined as e®* = ¢ (cos § + isin8) for all real a
and 4.
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Thus, whenever n is a multiple of 3, say n = 3k, we have

gu(w)=o*+ (0 + D% +1=1+1+1=340.

Suppose n is not a multiple of 3.

If n=3k+1,
02" = Bk+2 = wZ, (w + 1)2'1 =" = WK+ =,
and
gups(@w)=0?*+w0+1=-1+1=0.
If n=3k + 2,
W = WSk = . (w+ 1)2" = 2 = 2
and

gus2(@w)=w+w?+1=0.

Thus g,(w)+ 0 if and only if n is a multiple of 3, and
g,(x) fails to be divisible by f(x) only in that case.

OR

Both of the given polynomials have integer coefficients, and
x2 + x + 1 has leading coefficient 1. Hence if

(1) x+ 14+ (x+ 1)2"=Q(x)(x2+x+ 1),

then Q(x) has integer coefficients. Setting x = 2 in (1), we
obtain

22"+ 1+3"=0(2)-17,

which shows that 7 divides 22" + 1 + 3*". However if n is
divisible by 3, both 22" and 32" leave remainders of 1
upon division by 7, since 2%% = 64% = (7 - 9 + 1)¥, and
3k = (729)% = (7- 104 + 1)*; so 22" + 1 + 32" leaves a
remainder of 3 upon division by 7.

Note: The second solution, unlike the first, does not tell us what

happens when n is not divisible by 3, but it does enable us
to answer the question. We know that only one listed answer
is correct, and (C) is a correct answer since 3 divides 21.
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29. (A) If the last equation is multiplied by 3 and added to the first

30. (B)

equation, we obtain
4x? + 2y? + 2322 = 331.

Clearly z% is odd and less than 25, so z?> =1 or 9. This
leads to the two equations

2x2 + y2 =154
and
2x2 + y* =62,

both of which are quickly found to have no solutions. Note
that we made no use here of the second of the original
equations.

OR
Adding the given equations and rearranging the terms of the
resulting equation yields
(x%—2xy + y2) + (y* + 6yz + 922) = 175
or
(x —y)’ + (y + 3z)" = 175.

The square of an even integer is divisible by 4; the square of
an odd integer, (2n + 1)?, has remainder 1 when divided by
4. So the sum of two perfect squares can only have 0, 1 or 2
as a remainder when divided by 4. But 175 has remainder 3
upon division by 4, and hence the left and right sides of the
equation above cannot be equal. Thus there are no integral
solutions.

That N is squarish may be expressed algebraically as follows:
there are single digit integers 4, B, C, a, b, ¢ such that

N = 10442 + 10%B? + C? = (10% + 10b + ¢)’,

where each of 4, B, C exceeds 3, and so ¢ and ¢ are posi-
tive. Since 102B% + C? < 10* we can write

10442 < (10%a + 10b + ¢)* < 10%42 + 10* < 104(4 + 1)°.
Taking square roots we obtain

1004 < 100a + 105 + ¢ < 1004 + 100,
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from which it follows that 4 = a. Hence a > 4. Now con-
sider
M =N - 10%4% = (10% + 10b + ¢)* — 10%?>
= 103(2ab) + 10%(b* + 2ac) + 10(2bc) + 2.
Since M has only four digits, 2ab < 10, which implies that

ab < 4. Thus either (i) =0, or (ii)a =4 and b = 1.
In case (ii),

N = (410 + ¢)* = 168100 + 820c + c>.

If ¢ =1 or 2, the middle two digits of N form a number
exceeding 81, hence not a square. If ¢ > 3, then the leftmost
two digits of N are 17. Therefore case (i) must hold, and we
have

N = (10%2 + ¢)* = 10%a* + 102(2ac) + ¢2.

Thus @ > 4, ¢ > 4 and 2ac is an even two-digit perfect
square. It is now easy to check that either a = 8§, ¢ = 4,
N = 646416, or a = 4, c = 8§, N = 166464.
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1981 Solutions

.(EB)x+2=4; (x+2?%=16.

2. (C) The Pythagorean theorem, applied to A EBC, yields (BC)?
= 22 — 12 = 3. This is the area of the square.

1 1 1 6 3 2 11
3.(D);+E+?X-—a+a+a—a.

4. (C) Let x be the larger number. Then x — 8§ is the smaller num-
ber and 3x = 4(x — 8), so that x = 32.

5. (C) In ABDC, £BDC = 40°. Since DC is parallel to 4B,
£DBA = 40°.

Also, £ BAD = 40° since base angles of an isosceles triangle
are equal. Therefore £ ADB = 100°.

6.(A) (V+2y-x=0"+2y-x—(p*+2y-1,
[ +2y-2)- () +2y—D]x=-(y*+2y-1),
x=y*+2y—1.

OR
Rewrite the right member of the given equality as
(2 +2y-1)

(Y+2y-1)-1
and note by inspection that x = y2 + 2y — 1.

7. (B) The least common multiple of 2, 3,4 and 5 is 60. The num-
bers divisible by 2, 3, 4 and 5 are integer multiples of 60.
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8. (A) The given expression equals

SN S N U A AR S Y 8 SRS U |
X+y+zix y zZJ\xy +yz+2zx )\ xy yz zZx

_ 1 (xy+yz+zx) 1 (x+y+z)
X+y+z xXyz Xy +yz +zx XxXyz
1 -2,-2_-2
= =x"‘y “z"°.
(xyz)°

Note: The given expression is homogeneous of degree —6; i.e. if
x, y, z are multiplied by ¢, the expression is multiplied by
t ~¢. Only choice (A) has this property.

9. (A) Let s be the length of an edge of the
cube, and let R and T be vertices of
the cube as shown in the adjoining
figure. Then applying the Pythagorean
theorem to APQR and APRT yields

a®—s*= (PR)2 =52 + 52,
a? = 3s%.

The surface area is 6s = 2a>.

10. (E) If (p, q) isapointonline L, then by symmetry (¢, p) must
be a point on K. Therefore, the points on K satisfy

=ay + b.

Solving for y yields
,oX_b
a a

11. (C) Let the sides of the triangle have lengths s — d,s,s + d.
Then by the Pythagorean theorem

(s—d)’ +s2=(s+d).
Squaring and rearranging the terms yields
s(s—4d)=0.

Since s must be positive, s = 4d. Thus the sides have lengths
3d,4d,5d. Since the sides must have lengths divisible by 3, 4,
or 5, only choice (C) could be the length of a side.
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Note: The familiar 3-4-5 right triangle has sides which are
in arithmetic progression. It is perhaps fairly natural to think
of multiplying the sides by 27, thus getting 81, 108, 135.
Since there is only one correct choice, it must be (C).

12. (E) The number obtained by increasing M by p% and decreas-

ing the result by q% is M(l + m)( - %) and ex-

ceeds M if and only if the following equivalent inequalities

hold:
(1 - 155) > M.
(1 +

100
- <%)
14

1+ = > - 10

S

M(l + ﬁ
P
100

[a—

13. (E) If 4 denotes the value of the unit of money at a given time,
then .94 denotes its value a year later and (.9)"4 denotes its
value n years later. We seek the smallest integer n such that
n satisfies these equivalent inequalities:

(9)"4 < .14,

G <

10/ T 10°
9\" 1

10810(T6) < IOBloTb' s

n(2log,,3 - 1)< —1,

1
n> m—g;g = 21.7.
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14. (A) Let a and r be the first term and the common ratio of
successive terms in the geometric sequence, respectively. Then

a+ar=17,
a(r-1) =91,
r—1
The result of dividing the second equation by the first is
a(r'-1n 91

= = 13.
(r—Da(r+1) 7
The left member reduces to
2 _ 4 2
(r*=1(r*+r +1)=r“+r2+1,

rr—1
$O
r*+r2-12=0,
(r2+4)(r*-3)=0.
Thus r2 =3 and

a+ar+ar’+ar®=(a+ar)(l +r?)
= 7(4) = 28.

15. (B) For this solution write log for log,. The given equation is
equivalent to

(2x)1og2 _ (3x)log3'
Equating the logarithms of the two sides, one obtains
log2(log2x) = log 3(log 3x),
log2(log2 + log x) = log3(log3 + log x),
(log2)? + log2(log x) = (log3)” + log 3(log x),
(log2)® — (log3)” = (log3 — log2)log x,
—(log2 + log3) = log x,

log% = log x,

1_,
= x.



SOLUTIONS: 1981 EXAMINATION 157

16. (E) Grouping the base three digits of x in pairs yields
x=(1-39+2.38)4+(1-37+1-3)
+ -+ (2:3+2)
=(1-3+2)(3)° +(1-3+1)(3%)°
+--4+(2-3+2).
Therefore, the first base nine digit of x is 1 -3 + 2 = 5.

17. (B) Replacing x by % in the given equation

f(x) + 2f(%) = 3x
yields

1 3
(5)+2r0 = 2.
Eliminating f ( %) from the two equations yields

2 - x?

f(x) = 2=
Then f(x) = f(—x) if and only if

2-x* _ 2 - (-x)
x -x

or x?=2. Thus x = + y2 are the only solutions.

x . . . =X
18. (C) We have Too ~ Sinx if and only if 100 =

the given equation has an equal number of positive and
negative solutions. Also x = 0 is a solution. Furthermore, all
positive solutions are less than or equal to 100, since

|x| = 100|sin x| < 100.

Since 15.5 < 100/(27) < 16, the graphs of x/100 and sin x
are as shown in the figure on p. 158. Thus there is one
solution to the given equation between 0 and # and two
solutions in each of the intervals from 2k — 1)7 to
2k + D7, 1 < k < 15. The total number of solutions is,
therefore,

sin( —x); thus,

1+2(1+2-15) = 63.
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19. (B) In the adjoining fig-
ure, BN is extended
past N and meets AC
at E. Triangle BNA is
congruent to AENA, B
since £ BAN= £ FEAN,
AN = AN and £ANB = £ ANE. Therefore N is the mid-
point of BE, and AB = AE = 14. Thus EC = 5. Since
MN is the line joining the midpoints of sides BC and BE of
ACBE, itslengthis 1(EC) = 3.

20. (B) Let £ DAR, = 6 and let 6, be the (acute) angle the light
beam and the reflecting line form at the i** point of reflec-
tion. Applying the theorem on exterior angles of triangles
to AAR D, then successively to the triangles R,_|R;D,
2 < i< n, and finally to AR, BD yields

8, =0+ 8°,
0,=0, +8° =0+ 16°
0, =0, + 8 =0 +24°,

0n = 0n—l +8°=60+ (8’!)0,
90° =6, + 8° =80+ (8n + 8)°.
But @ must be positive. Therefore,

0 <8 =90°— (8n + 8)°,

n< — <11

8

The maximum value of n, 10, occurs when 8 = 2°,
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21. (D) Let 8 be the angle opposite the side of length ¢. Now
(a+b+c)a+b—c)=3ab,
(a+ b) — ¢? = 3ab,
a*+ b* — ab = ¢
But
a? + b? — 2abcos 8 = c?,

so that ab = 2abcos 8, cosf = %, and @ = 60°.

22. (D) Consider the smallest cube containing all the lattice points
(i, j, k), 1 <i, j,k <4, in a three dimensional Cartesian
coordinate system. There are 4 main diagonals. There are 24
diagonal lines parallel to a coordinate plane: 2 in each of
four planes parallel to each of the three coordinate planes.
There are 48 lines parallel to a coordinate axis: 16 in each
of the three directions. Therefore, there are 4 + 24 + 48 = 76
lines.

OR

Let S be the set of lattice points (i, j, k) with 1 < i, j, k
4, and let T be the set of lattice points (i, j, k) with 0
i, j, k < 5. Every line segment containing four points of
can be extended at both ends so as to contain six points of

<
<

S
T.

y

o o o o o

- Pointsof S s

o Pointsof T — S - 7Z--o

’

* X
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(The figure on p. 159 shows two of these extended lines in the
xy-plane.) Every point of the “border” T — S is contained in
exactly one of these lines. Hence the number of lines is half
the number of points in the border, namely half the number
of points in 7 minus half the number of points in S

= 2(67— 47) =76,

Note: The same reasoning shows that the number of ways of
making tic-tac-toe on an n-dimensional “board” of s" lattice
points is 1{(s + 2)" — s"].

23. (C) Let O and H be the points at
which PQ and BC, respectively,
intersect diameter AT. Sides AB
and AC form a portion of the
equilateral triangle circumscrib-
ing the smaller circle and tangent
to the smaller circle at 7. There-
fore, A PQT is an equilateral tri-
angle. Since AAPQ is an equi-
lateral triangle with a side in
common with APQT, AAPQ = APQT. Thus AO = OT and
O is the center of the larger circle. This implies

40 = 2(4H), so that PQ=%(BC)=8.

24. (D) Write x+i =2cosf as x> — 2xcos§ + 1 = 0. Then

x=-cos® + Vcos?§ — 1 =cos 8 + ising (= eiio)_
By De Moivre’s theorem

x" = cosnf t isin nf(= e*"?),

1 1 o
T = cosnd L isnnd =cosnf F isinnf(=e

3Fi0)‘

1

~ = 2cos né.
x

x" +

Note 1. Squaring both sides of the given equation, we obtain

x2+2+ —1—2— = 4cos?8.
x
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Hence
1

= =4cos’0 — 2 = 2(2cos?0 — 1) = 2cos28.

x2 +
x

This eliminates all choices except (D).

Note 2: Several contestants wrote to the Contests Committee to
say that this problem had no solution because, for 0 < § < #

. 1 . .
as given, 2cosf <2, yet x + < > 2 for all x. This claim

is true for real x, but nowhere in the problem did it say that
x must be real. When such a restriction is intended, it is
always stated.

25. (A) In the adjoining figure let £ BAC = 3a, ¢ = AB, y = AD,
z= AE and b = AC. Then by the angle bisector theorem’

c_2 Y _
() ;=% and 7=

N —

SO

B2D 3 E 6

Using the law of cosines in AADB, AAED and A ACE, re-
spectively, yields the following expressions for cos a:

24y 4 %cz+y2—9 %cz+4y2—36

2¢y 3¢y 6¢cy

The equality of the first and second expressions implies
3c¢2-2yr=12.

"The angle bisector theorem states that each angle bisector of a triangle divides the
opposite side into segments proportional in length to the adjacent sides, i.e.

d e
* -_—= -
™) =%
in the adjoining figure This is a consequence of the
law of sines applied to each subtriangle and the fact
that the supplementary angles at D have equal
sines.
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The equality of the first and third expressions implies
3¢ — 4y? = —96.

Solving these two equations for ¢? and y? yields
c2 =40, y*=54.
Thus the sides of the triangle are
AB =c=2/10 =623,
AC=b=2y=2/54 =6/6 = 14.7,
BC = 11.
OR

Using the angle bisector formula' and (1) above, we have

y2+6=cz=§z2, 22+ 18 =yb =2y2

Solving these equations for y2 and z? yields y> = 54,
z? = 90. Therefore

AB=¢=§m=zm, AC=b=2/53 = 6/6.

¥ The angle bisector formula states that the square of the angle bisector plus the product
of the segments of the opposite side is equal to the product of the adjacent sides:

** k% + de = bc. A

This is a consequence of the angle bisector theorem b
and the law of cosines:

c* + k2 - 2ckcos a = d?,
b? + k? = 2bkcosa = e’. B 4 D e ¢
Multiplying the first equation by b, the second by ¢ and subtracting, we obtain
bct — b% — k*(c — b) = d% — %
By (*) (see footnote on p. 161) the right member can be written dec — edb; thus
(c — b)[bc — k) = (c — b)de.

Dividing by (¢ — b) and adding k2 yields formula (**). In the isosceles case, ¢ — b =
0; but the angle bisector is the altitude so that (**) becomes a consequence of the
Pythagorean theorem
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26. (D) 1he probability that the first 6 is tossed on the k-th toss is
the product

probability that never a 6 was probability that a 6 is

tossed in the previous k — 1 tosses | \ tossed on the k% toss

= (5/6)*"" (1/6).

The probability that Carol will toss the first 6 is the sum of
the probabilities that she will toss the first 6 on her first turn
(3" toss of the game), on her second turn (6™ toss of the
game), on her third turn, etc. This sum is

(BFh e (3w s (3]s
6/ 6 6/ 6 6 6 ’

2

s . . e g 5V 1
an infinite geometric series with first term a = (E) 3 and
3
common ratio r = (E) . This sum is
a 52/63 5% 25

I=r 1-(5/6%) 6 -5 O

27. (C) In the figure, line seg-
ment DC is drawn.
Since, AC_= 150°, AD
= AC — DC = 150° —
30° = 120°. Hence
£ACD = 60°. Since AC
= DG, GA = GD — AD
= AC — 120° = 30°.
Therefore CG = 180°
and £CDG = 90°. So
ADEC is a 30°-60°-90°
triangle.

Since we are looking
for the ratio of the areas,
let us assume without loss
of generality that AC = AB = DG = 1. Since AC and DG
are chords of equal length in a circle, we have AE = DE. Let
x be their common length. Then CE=1— x =2x/3.
Solving for x yields AE = x = 2y/3 — 3. Since BA and
DG are chords of equal length in a circle, we have FG = FA,
and since AFAF is isosceles, EF = FA. Thus

EF = FG = (1 — x).
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Therefore
1 .
area AAFE = E(AE)(AF)sm 30°

1 1-x 1 _x-x* 73i-12

2772 2778 a
area AABC = %(AB)(AC)sin30° = %
Hence
area AAFE
area AABC W3-

28. (D) Let g(x) = x* + a,x? + a,x + a, be an arbitrary cubic with

constants of the specified form. Because x* dominates the
other terms for large enough x, g(x) > 0 for all x greater
than the largest real root of g. Thus we seek a particular g in
which the terms a,x? + a;x + a, “hold down” g(x) as
much as possible, so that the value of the largest real root is as
large as possible. This suggests that the answer to the problem
is the largest root of f(x)= x> —2x%— 2x — 2. Call this
root ry. Since f(0) = —2, r, is certainly positive. To verify
this conjecture, note that for x > 0,

—2x% < a,x?, -2x<ax, and -2 <a,.

Summing these inequalities and adding x> to both sides
yields f(x) < g(x) for all x > 0. Thus for all x > r,
0 < f(x) < g(x). That is, no g has a root larger than r,,
so ry is the r of the problem.

A sketch of f shows that it has a typical cubic shape,
with largest root a little less than 3. In fact, f(2) = —6 and
f(3) = 1. To be absolutely sure the answer is (D), not (C),
compute f(3) to see if it is negative. Indeed,

)3

29. (E) Since x is the principal square root of some quantity, x > 0.

For x > 0, the given equation is equivalent to
a—va+x=x?

or
a=va+ x + x2

The left member is a constant, the right member is an
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increasing function of x, and hence the equation has exactly
one solution. We write

Va+ x =a- x?,
Va+x+x=(a+x)-x?
=(a+x+x)(Va+x —x).
Since Va + x + x > 0, we may divide by it to obtain
l=Va+x-x o x+l1=vVa+x,

2]

x24+2x+1=a+x,
and

x(+x+1—-a=0.
Therefore x = :—-1—-#, and the positive root is x
= M, the only solution of the original equa-
tion. Therefore, this is also the sum of the real solutions.

OR

As above, we derive a — Va + x = x2, and hence
a — x* = ya + x. Squaring both sides, we find that

a?-2x%a+x*=a+ x.

This is a quartic equation in x, and therefore not easy to
solve; but it is only quadratic in a, namely

a*— 2x2+ Na+x*—x=0.
Solving this by the quadratic formula, we find that

a=1[2x2+ 14 Vax* + ax7 + 1 — ax* + 4x |
=x2+x+1

[We took the positive square root since a > x?; indeed
a—-x2=vya+ x]
Now we have a quadratic equation for x, namely
x2+x+1—a=0,
which we solve as in the previous solution.

Note: One might notice that when a = 3, the solution of the

original equation is x = 1. This eliminates all choices except

(E).
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30. (D) Since the coefficient of x> in the polynomial function f(x)

= x* — bx — 3 is zero, the sum of the roots of f(x) is zero,
and therefore

a+b+c _at+tb+tc+td—-d _ -1
d? d? d’
Similarly,
a+c+d=—_1 a+b+d=—_1 b+C+d=—_1
b? b’ c? ¢’ a’ a’
Hence the equation f ( - %) = 0 has the specified solutions:
—1—+£—3=O,
x*t  x

1+ bx*—-3x*=0,
Ix*—bx3-1=0.
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1982 Solutions

1. (B) x
x24+0x—2x*+0x%2+0x -2

x3 4+ 0x2 - 2x
2x —2 = remainder.

OR
We have
x3-2 x}-2x+2x-2 2x -2
= =x+ ,
x2-2 x2 =2 x2 =2

so the remainder is 2x — 2.

8x+2=2 +l
2 x+ 5.

2. (A) The answer is

3. (C) For x = 2, the expression equals
(22 =4*=4-4-4-4=256.
4. (E) Let r be the radius of the semicircle. The perimeter of a

semicircular region is wr + 2r. The area of the region is
1ar2. Therefore

2
7rr+2r=%,
2+ 4 = qr,
2+i=r.

T

5. (C) Since y = %x, % > 1, and x > 0, it follows that x is the
smaller number. Also, x + y = ¢. Thus

b
x+ —x=c,
a

ax + bx = ac,
ac

a+b’

X =
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6. (D) The sum of the angles in a convex polygon of n sides is

7. (B)

8. (B)

9. (B)

(n — 2)180°. Therefore, if x is the unknown angle,
(n — 2)180° = 2570° + x, with0° < x < 180°.

If n =17, then (n — 2)180° = 15(180°) = 2700° and x =
130°. Smaller values of » would yield negative values of x,
and larger values of n would yield values of x greater than
180°.

x:(y+z)=(x+1D(y+z+1)-1,
(x+y)+(x*z)=[(x+1)(y+1)-1]
+{(x+1)(z+1)-1]
=(x+1)(y+z+2)-2.

Therefore, x*(y + z) # (x*y) + (x*z). The remaining
choices can easily be shown to be true.

Since
(2)-(1)=(3)-(2)
we have
n(n—1) = n(n—1)(n-2) n(n-1)
2 6 2 )
Thus

n®* —9n? + 14n = 0,
n(n—=2)(n-7)=0.
Since n > 3, n = 7 is the solution.

(The answer may also be obtained by evaluating the sequence

(’1'), ( ; ), ( ;) for the values of n listed as choices.)

figure, ABC is the AL D) co, 1)

given triangle and |
l /

x = a is the divid-
N e x

ing line. Since area

AABC = %(1)(8)

= 4, the two re- _ _
gions must each B(0,0)
have area 2. Since |
the portion of I

In the adjoining f’ x=a
[
[
[
[

|
L
F
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AABC to the left of the vertical line through vertex 4 has
area less than area AABF = 1, theline x = g is indeed right
of A as shown. Since the equation of line BC is y = x/9,
the vertical line x = a intersects BC at a point E:(qa, a/9).
Thus

area ADEC = 2 = %(1 - %)(9 - a),

or
(9 - a)’ = 36.

Then 9 —a= +6, and a = 15 or 3. Since the line x = a
must intersect AABC, x = 3.

10. (A) Since MN is parallel to BC,

11. (C)

12. (A)

A
£LMOB = 4CBO = £OBM,
and
12 0 18
o p ‘Nco'm
Therefore MB = MO o
and ON = NC. Hence B

AM + MO + ON + AN = (AM + MB) + (AN + NC)
=AB+ AC=12 + 18 = 30.

Note that the given value BC = 24 was not needed; in fact,
only the sum of the lengths of the other two sides was used.

From the set {0,1,..., 9} there are sixteen pairs of numbers
{0,2), (2,0), (1,3), (3,1),...) whose difference is +2. All
but (0,2) can be used as the first and last digit, respectively,
of the required number. For each of the 15 ordered pairs
there are 8 - 7 = 56 ways to fill the remaining middle two
digits. Thus there are 15 - 56 = 840 numbers of the required
form.

Since f(x) = ax” + bx* + cx — 5,

f(=x)=a(=x)" + b(=x)* + c(—x) - 5.

Therefore, f(x) + f(—=x)= —10 and f(7) + /(-7 = —10.
Hence, since f(—=7)= 17, f(T)= —1T.
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13. (D) We have
p(log, a) = log, (log, a),
log, (a?) = log, (log, a),

a? =log,a.

14. (C) In the adjoining figure, MN is perpendicular to AG at M,
and NF and PG are radii. Since AAMN ~ AAGP, it fol-

MN _ GP MN 15
IOW.S that N = ap or 3 75 ’Ijhus MN =9, .Ap-
plying the Pythagorean theorem to triangle MNF yields

(MF)? = (15)> — 92 = 144, so MF = 12. Therefore EF =

24, G
: % F ﬁ\
E
A
o N P

15. (D) We have
2[x] +3=3[x-2] +5,
2fx] +3=3([x] —2) +5,
[x] =4.

Therefore, 4 < x < 5, and y = 2[x] + 3 = 11. Hence,
15 < x + y < 16. (Alternatively, if one draws the graphs of
y=2Ix]+3 and y = 3|x — 2] + 5, one can see that they
overlap when 4 < x < 5).

16. (B) Each exterior unit square which is removed exposes 4 interior
unit squares, so the entire surface area in square meters is

6-32-6+24="12.

17. (C) Let y = 3%; then 32**2 = 9y2 and 3**3 = 27y. The given
equation now becomes
9y2—-28y +3=(9y - 1)}(y—3)=0

and has the solutions y = 3 and y = {. Hence the original
equation has exactly two solutions, namely x = 1 and x =
-2.
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18. (D) Without loss of general-
ity, let HF = 1 in the D 2
adjoining figure. Then
BH =2, BF = /3 = DG C
= GH, and DH = 6. 1
Since DC = HC = V3, V3 N3
ADCB = AHCB and
DB = HB = 2. Since !
ADBH is isosceles, E V3
_36 _ V6

2 4 - V3 60° "«

A
!
t
I

cos @

19. (B) When 2 £ x<3, f(x)=(x—-2)—(x—4)+(2x—-6)=
—4 + 2x. Similar algebra shows that when 3 < x < 4, f(x)
=8 — 2x; and when 4 < x < 8, f(x)=0. The graph of
f(x) in the adjoin-

ing figure shows Y
that the maximum 2
and minimum of 1
f(x) are 2 and O,

respectively. OI b ———t—tx

Note: Si . 1 2 3 4 5 8
ote: Since a linear
function reaches its extreme values at the endpoints of an
interval, and since the given function is linear in each subin-
terval, it suffices to calculate f(2) = 0, f(3) = 2, f(4) = f(8)
= 0.

20. (D) Since
X4y = x3,
y2=x*(x—-1).

Therefore, if k is an integer satisfying x — 1 = k2, i.e.,
x =1+ k2, then there is a y satisfying x> + y? = x3.
Hence there are infinitely many solutions.

21. (E) Since the medians of a triangle intersect at a point two thirds
the distance from the vertex and one third the distance from
the side to which they are drawn, we can let x = DN and
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2x = BD. Right triangles BCN and BDC are similar, so 2x
= BD. Right triangles BCN and BDC are similar, so

s _2x C
3x s
Thus s2 = 6x2, or x = —, s N
3
e D
3s sy6
andBN—3x—E—T. B M A
22. (E) In the adjoining figure RX is R = X
perpendicular to QOB at X. 15
Since £QPR = 60°, ARPQ is
equilateral and RQ = a. Also Q
£ARP = £QRX = 15°. h a
Therefore, ARXQ = ARAP. 15° a
Thus w = h. k
[175°\/ 45° ]
A P B
OR w

w=AP + PB = acos75° + acos45°.

From the identity

cosA+cosB=2wsA;BcosA;B,

it follows that
75° + 45° 75° — 45°

w = a2cos 3 cos 2

= a2 ¢0s60°cos 15° = acos 15° = asin75° = h.

23. (A) In the adjoining figure, n denotes the length of the shortest
side, and @ denotes the measure of the smallest angle. Using
the law of sines and writing 2 sin #cos 8 for sin 26, we obtain

sind _ 2sinfcosd 20

n n+2 ° n n+1

cosf = n2+2' )
n n+2

Equating n;;l 2 to the expression of cos @ obtained from
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the law of cosines yields

n+2 (n+ 1Y +(n+2-n?

2n 2(n+ 1)(n +2)
(n+1)n+5) n+5
T 2An+1)(n+2) 2An+2)
Thus n = 4 and cos @ = 442-2)2 = %

24. (A) In the adjoining figure, let
AH =y, BD=a, DE=x and
EC=b. We are given AG = 2,
GF=13, HI =7 and FC= 1.
Thus the length of the side of the
equilateral triangle is 16. Also,
using the theorem about sec-
ants drawn to a circle from
an external point, we have
yy+7)=22+13), or

0=y2+7y—-30=(y—-3)(y+10).

Hence y = 3 and BJ = 6. Using the same theorem we have
b(b+x)=1(1+13)= 14 and a(a+ x)= 6(6 + 7) = 78.
Also, a + b+ x = 16.

There are many ways of solving the system

(1) a’+ ax =18,
) b? + bx = 14,
(3) a+b+x=16.

The one given below allows us to find x without first having
to find a and b.
Subtract the second equation from the first, factor out
(a — b), and use (3):
a?—b*+(a-b)x=(a-b)a+b+x)
=(a—b)16 =78 — 14 = 64.
Therefore
a—b=4.
Adding this to (3) we obtain 2a + x = 20, whence

a=10 - (x/2).
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This, substituted into (1), yields

=100——4—=78;
xZ
T=22’ x=2y22.

C isthesum from i= 0
to 3 of the probabilities — !
that he enters intersec- C,
tion C; in the adjoining
figure and goes east. The
number of paths from 4 G,

(240 C
to Cils( 2 ),be- - 5 i 1_—_
cause each such path has G
2 eastward block seg- | B
ments and they can oc- | [ 11
cur in any order. The
probability of taking any _
one of these paths to C, and then going east is (4)**’ be-
cause there are 3 + i intersections along the way (including
A and C;) where an independent choice with probability 3
is made. So the answer is

3 . 3+i
Z(2+')(l) 1,2, 6 10 21
im0\ 2 2

J H I L
student passes through :1 1 G, [

I L

OR

One may construct a tree-diagram of the respective probabil-
ities, obtaining the values step-by-step as shown in the scheme
to the right (the final 1

L 51 41
also serves as a check on 1 ")i ")1 ")i
the computations). 11 3 s

It is important to re- 2 2 8 16
cognize that not all i f f i
twenty of the thirty-five 4§ % TR T2
paths leading from 4 to + + % zll
B through C are 38 1 i TR
equally likely; hence VoLl
answer (C) is incorrect! Lo -8 -1
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26. (B) If n? = (ab3c)s, let n = (de)s. Then n?> = (8d + e)? =

27. (C)

64d? + 8(2de) + 2. Thus, the 3 in ab3c is the first digit (in
base 8) of the sum of the eights digit of e? (in base 8) and the
units digit of (2de) (in base 8). The latter is even, so the
former is odd. The entire table of base 8 representations of
squares of base 8 digits appears below.

e 1 2 3 4 5 6 7
e’ 1 4 11 20 31 44 61

The eights digit of e? is odd only if e is 3 or 5; in either case
¢, which is the units digit of e2, is 1. (In fact, there are
three choices for n: (33), (73); and (45);. The squares are
(1331),, (6631); and (2531),, respectively.)

OR
We are given
n?=(ab3c)y=8%+8»+8-3 +c.

If n is even, n? is divisible by 4, and its remainder upon
division by 8 is 0 or 4. If n is odd, say n = 2k + 1, then
n?=4k?*+ k)+ 1, and since k2 + k= k(k + 1) is al-
ways even, n? has remainder 1 upon division by 8. Thus in
all cases, the only possible values of ¢ are 0, 1 or 4. If ¢ = 0,
then n? = §(8K + 3), an impossibility since 8 is not a square.
If ¢ = 4, then n? = 4(8L + 7) another impossibility since no
odd squares have the form 8L + 7. Thus ¢ = 1.

We recall the theorem that complex roots of polynomials with
real coefficients come in conjugate pairs. Though not applica-
ble to the given polynomial, that theorem is proved by a
technique which we can use to work this problem too. Namely,
conjugate both sides of the original equation

0=cz* + icyz® + 22 + icyz + ¢o,
obtaining
0=c,z*— ic;23 + c,72 —iciZ + ¢y
_ . _ N2, s -
= (= 2) +icy(—2) + (= 2) +ic)(—Z) + co.

That is, —Z = —a + ib is also a solution of the original
equation. (One may check by example that neither —a — bi
nor a — bi nor b + ai need be a solution.) For instance, con-
sider the equation z* — iz3 = 0 and the solution z = i. Here
a=0,b= 1. Neither —i nor 1 is a solution. [Alternatively,
the substitution z = iw into the given equation makes the
coefficients real and the above quoted theorem applicable.]
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28. (B)

29. (A)
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Let n be the last number on the board. Now the largest
average possible is attained if 1 is erased; the average is then
(n+ Dn _
2+3+---+n _ 2 _n+2
n—1 n—1 2

The smallest average possible is attained when n is erased;
the average is then

a(n=1) _n
2n-1) 2°
Thus
n 7 n+2
5<35ﬁ< 7

n<70% <n+2,
14 14
68T7 <n<70ﬁ.

Hence n = 69 or 70. Since 357 is the average of (n — 1)
integers, (35{%)Xn — 1) must be an integer and n is 69. If x
is the number erased, then

HO)T0) —x _ T
68 ST
So
69 - 35— x = (35%)68
=35-68 + 28,
35 - x=128,
x=17.

Let m = x,y,z, be the minimum value, and label the num-
bers so that x;, < y, < zo. Infact z, = 2x,, forif z; < 2x,,
then by decreasing x, slightly, increasing z, by the same
amount, and keeping y, fixed, we would get new values
which still meet the constraints but which have a smaller
product—contradiction! To show this contradiction formally,
let x, =x,— h and z;, = z, + h, where h > 0 is so small
that z; < 2x, also. Then x,, y,, z; also meet all the original
constraints, and

x¥021 = (x0 — h) yo(zo + 1)
XoYpZo + )’O[h(xo —z5)— hz] < XoJoZo-
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So zp=2xy, yp=1—-x3—2o=1-3x, and
m = 2x3(1 - 3x,).

Also, x, < 1 — 3xy < 2x,, or equivalently, + < xo < 4.
Thus m may be viewed as a value of the function

f(x) =2x%(1 - 3x)

on the domain D = (x|} < x < §). In fact, m is the small-
est value of f on D, because minimizing f on D is just a
restricted version of the original problem: for each x € D,
setting y = 1 — 3x and z = 2x gives x, y, z meeting the
original constraints, and makes f(x)= xyz.
To minimize f on D, first

sketch f for all real x. (See Fig- y

ure.) Since f has a relative
minimum at x = 0 (f(x) has
the same sign as x? for x < 1), _
and cubics have at most one rela- y = ()
tive minimum, the minimum of f
on D must be at one of the end- x
points. In fact, %\

f3) =4 <f(}) = .

30. (D) Let d, = a + Vb and d, = a — Vb, where a = 15 and b
= 220. Then using the binomial theorem, we may obtain

dr +dy = 2[a" + (;)a"‘zb + (Z)a""‘bz + ]

where n is any positive integer. Since fractional powers of b
have been eliminated in this way, and since a and b are
both divisible by 5, we may conclude that dJ + dJ is divisi-
ble by 10.

We now apply the above result twice, taking » = 19 and
n = 82. In this way we obtain

dll9 + dég = IOkl and dlSZ + d282 = IOkz,

where k, and k, are positive integers. Adding and rearrang-
ing these results gives

di® + df* = 10k — (d¥ + d§?),
where k = k| + k,. But
5 1
dy=15-vy220 = ——x— < 3.
2 1544220 3
Therefore, d}° + d5? < 1. It follows that the units digit of
10k — (i + d¥) s 9.
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Classification of Problems

To classify these problems is not a simple task; their content is so
varied and their solution-possibilities so diverse that it is difficult to
pigeonhole them into a few categories. Moreover, no matter which
headings are selected, there are borderline cases that need cross-index-
ing. Nevertheless, the following may be helpful to the reader who

wishes to select a particular category of problems.

The number preceding the semicolon refers to the last two digits of
the examination year, and the numbers following the semicolon refer
to the problems in that examination. For example, 82; 5 means

Problem 5 in the 1982 examination.

Algebra
Absolute Value 73;22 74;11,15,27 75;7
77,8 78;9 79;13 82;19
Addition of Signed Numbers 78;4 79; 4
Binary Operations 73;5 74;6 82;7
Binomial Expansions 74;3 75;5 76;23 77;10
(coefficients) 82; 8, 30
Complex Numbers 74; 10, 17 76;2 77; 16,21
80; 17 82;27

179
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De Moivre’s Theorem

Equations
Cubic
Exponential
Fractional
Functional (see functions)
Integer
Linear
Quadratic

Systems of
Linear
Non-linear

Trigonometric

Exponents

Factoring
Fractions

Identities

Inequalities

Logarithms

Optimization

Polynomials

Progressions
Arithmetic

81; 24

75; 12,27 81; 28
79; 19 82; 17
74,1 79,11 80;3,8 8l;6

73; 31 77; 14 79; 11 82;20
73; 16 74; 7

73;34 74;2,10 75; 12,20
76,6 77;21,23 78; 1,13
80; 8 81;29

73; 10, 14,24 75;2 77; 1
76, 30 77; 21 78;6

80; 19,29 8I; 18

73; 17 81, 18, 24

73;19 74,8 75;10 76;20,21
79; 19 81; 13,15 82; 3, 30

75,29 178; 1,4
78;2,20 79,29 81;3,8

74; 1,30 77,6 178; 3,20
79; 2

73, 22,30 74; 14,27 75;3
77;29 78;18 79,13 80;6
81; 12, 13,28 82; 14, 28

73; 28 74; 18 175; 18, 19
76, 20 77; 18 78;21 79; 18
80; 18 81; 13,15 82;13

73; 3,20 74;22 76; 12,28
77; 25,29 80; 22 8l1; 13, 28
82; 19, 29

74;2,3,4 75;5, 13,27
76; 6, 19, 27 177, 10, 21, 23, 28
78;13 79;19 80; 2, 28 81; 30

73; 7,26 74;29 75,9 76; 14
77,17 78;8 79; 16 80; 11
81; 11



CLASSIFICATION OF PROBLEMS 181

Geometric

Proportions
Radicals

Reciprocals

Remainder Theorem

Sequences (also see
Progressions)

Word Problems
Age Problems
Distance, Rate, Time
General

Mixture
Money

Approximation
Arithmetic Mean

Fractions

Percent
Rationalization

Analytic Geometry
Circles

Lines

73; 28 74; 21,28 175;16
76; 4 77; 13 78; 24 80; 13
81; 14

73; 8,12,29 74;30 80; 10
82;5

75,29 76,29 79;9 80;27
81; 1,29 82; 30

76; 1 178;2 81;8

74;4 77,28 79; 25
80; 24,28 82; 1

75; 15 79; 14,7

76; 29 77; 12

73; 27, 34

75; 14, 17,25 76; 13 78; 30
80;9 81;4 82;2

73; 33 79; 15

77:3 178;5

Arithmetic

75,29 76;21 78;18 179; 18
73; 2

73; 13 75;1 77;24 179;6
80; 1

73:33 74;7 81;12,13
74,20 77,17

Geometry

73; 11,30 78; 11 79;8
81;27 82;4

75; 1,2 80;12,22 81;10
82; 9
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Spheres 77; 27
Angles 73;9,16 74,5 77;4 78; 12
79; 12 80; 4 81; 20, 25
Area 73;4,9,25,30 74;19,25

75, 4,23 76,9, 16,24 77; 26
78, 1,2,23,29 179; 1,8, 21, 30

Circles 73; 1,11, 15,25,35 74;5,16,23
75; 11 76; 18,24 177; 15
78; 2, 10, 11, 26 79; 12, 21, 28

81; 23 82; 24
External Tangents 76; 26 178; 26
Secant From External Point 77; 9 82; 24
Congruent Triangles 73;4 76;16 79; 30 81;19
Coordinate Geometry 73; 11,30 74; 11 75; 23 76;8
78,25 79;8 81;22 82;9
Inequalities 73; 11,27 179; 17
Locus 76;22 77,5 78; 10
Medians 82; 21
Menelaus’ Theorem 75; 28
Parallel Lines 73; 35 75,26 82;10
Polygons
Convex 73; 16 76; 14 82;6
Hexagons 78,7 179; 10
Nonagons 77; 30
Parallelograms 74; 25
Quadrilaterals 75:4 76,3 77;19,26 78;29
79; 24
Rectangles 79; 1
Squares 73; 11 75;23 78,23 79; 30
Proportion (Similarity) 73;9,35 74;23 75;26
78,26 79; 30 82; 14
Pythagorean Theorem 73; 1,20 75;20 76; 3,24
79; 28 80; 7, 19 81; 2, 9, 11
82; 14

Similarity (see Proportion)

Solid Geometry
Cubes (and rectangular solids) 73;2 80; 16 81;9 82; 16, 18
Pyramids 73; 32
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81; 19

Spheres 77; 27 80; 26
Tetrahedrons 79; 23 80; 16, 26
Volumes 73; 32
Triangles
General 75;20 78; 12 80; 21
82; 21
Equilateral 73;23 74,19 76;22 177; 2,15
78; 23,28 79;3, 30 81;23
82; 22,24
Isosceles 74; 16 75;24 81;5,27 82;18
Right 74; 23 79; 21 80; 23
30°-60°-90° 73;25 77;15 80;5 81;27
45°-45°-90° 75; 2, 24
Trigonometry
Basics 73; 15 79; 24
Double Angle Cosine 73; 17 75; 30
Double Angle Sine 76; 17
Identities 74; 22 76; 17 178; 15
Inverse Trigonometric Functions  79; 20

Law of Cosines

81; 21,25 82;23

Law of Sines 75; 28
Radians 79; 20
Miscellaneous
Combinatorics 76;28 77;20 78; 16
82; 11, 25
Functions
Absolute Value (see Absolute Value)
Composite 74; 12 76; 10 78; 17
Greatest Integer Function 73:30 77,11 80; 25
Functional Equations 75; 21 177,22 178; 17
80; 14 81;17 82;12
Logic 74; 13 75;8 76; 11

80; 20

82; 14
79; 26

78; 22
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Number Theory
Diophantine
Divisibility

Factorial Expressions
Greatest Integer Function
(see functions)

Least Common Multiple
Number Bases

Perfect Squares
Prime Factorization
Prime Numbers
Recursive Definition
Sums of Integers

Probability

78; 30

73; 18,31 74;8,9,26 76; 15,19
78; 27 80; 15,29 81;7

73; 19

78; 27

76; 23

81; 7

73; 6 75;10 76; 5 178; 14 79; 5
81; 16 82; 26
79; 7 80; 30

77; 25

73; 3,18 74; 8,26 175;22

76; 25
73; 21

73; 23
77, 17
81; 26

80; 25
75; 6

74; 24
78; 19
82; 25

75; 18 176; 8
79; 27 80; 20



